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Chapter 1. Introduction

The Genius Mathematics Tool application is a general catoufor use as a desktop calculator, an
educational tool in mathematics, and is useful even forarese The language used in Genius
Mathematics Tool is designed to be ‘mathematical’ in thesedhat it should be ‘what you mean is what
you get'. Of course that is not an entirely attainable go&ni@s Mathematics Tool features rationals,
arbitrary precision integers and multiple precision flaatmg the GMP library. It handles complex
numbers using cartesian notation. It has good vector andxmaénipulation and can handle basic linear
algebra. The programming language allows user definediins;tvariables and modification of
parameters.

Genius Mathematics Tool comes in two versions. One versitima graphical GNOME version, which
features an IDE style interface and the ability to plot fumes of one or two variables. The command
line version does not require GNOME, but of course does nptément any feature that requires the
graphical interface.

This manual describes mostly the graphical version of thautor, but the language is of course the
same. The command line only version lacks the graphing dipeand all other capabilities that
require the graphical user interface.



Chapter 2. Getting Started

2.1. To Start Genius Mathematics Tool

You can start Genius Mathematics Tool in the following ways:

Applications menu

Depending on your operating system and version, the memufgeGenius Mathematics Tool
could appear in a number of different places. It can be irEtthécation, Accessories, Office,
Science, or similar submenu, depending on your particular setup.mknu item name you are
looking for isGenius Math Tool. Once you locate this menu item click on it to start Genius
Mathematics Tool.

Run dialog
Depending on your system installation the menu item may a@Mailable. If it is not, you can open
the Run dialog and execugmome-genius

Command line

To start the GNOME version of Genius Mathematics Tool exegnome-geniugrom the
command line.

To start the command line only version, execute the follgommandgenius This version does
not include the graphical environment and some functityalich as plotting will not be available.

2.2. When You Start Genius

When you start the GNOME edition of Genius Mathematics Tl ,window pictured irFigure 2-1is
displayed.
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Figure 2-1. Genius Mathematics Tool Window

The Genius Mathematics Tool window contains the followiteyeents:

Menubar.

The menus on the menubar contain all of the commands thatead to work with files in Genius
Mathematics Tool. Th&ile menu contains items for loading and saving items and crgatw
programs. Théoad and Run... command does not open a new window for the program, but just
executes the program directly. It is equivalent toltteed command.

The Calculator menu controls the calculator engine. It allows you to rundineently selected
program or to interrupt the current calculation. You camw &®k at the full expression of the last
answer (useful if the last answer was too large to fit onto tresale), or you can view a listing of
the values of all user defined variables. Finally it allowstfphg functions using a user friendly
dialog box.

The other menus have same familiar functions as in otheications.

Toolbar.

The toolbar contains a subset of the commands that you cassafom the menubar.

Working area

The working area is the primary method of interacting witéa #ipplication.

The working area initially has just th@onsole tab which is the main way of interacting with the
calculator. Here you type expressions and the results anedrately returned after you hit the
Enter key.

Alternatively you can write longer programs and those cgeapin separate tabs and can be stored
in files for later retrieval.
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Chapter 3. Basic Usage

3.1. Using the Work Area

Normally you interact with the calculator in tl@onsole tab of the work area. If you are running the text
only version then the console will be the only thing that iaiable to you. If you want to use Genius
Mathematics Tool as a calculator only, just type in your esgion here and it willg et evaluated.

Type your expression into tHeonsole work area and press enter and the expression will be evdluate
Expressions are written in a language called GEL. The mogilsi GEL expression just looks like
mathematics. For example

geni us> 3070 + 6773.0 + In(7) * (88.8/100)
or

geni us> 62734 + 812634 + 77"4 nod 5

or

genius> | sin(37) - er7

or

genius> sumn=1 to 70 do 1/n

(Last is the harmonic sum from 1 to 70)

To get a list of functions and commands, type:

geni us> hel p

If you wish to get more help on a specific function, type:
geni us> hel p Functi onNane

To view this manual, type:

geni us> manua

Suppose you have previously saved some GEL commands asramrtma file and you now want to
execute them. To load this program from the fite h/ t o/ pr ogr am gel , type

geni us> | oad path/to/program ge
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Genius Mathematics Tool keeps track of the current dirgciar list files in the current directory tyds,
to change directory dod di rect ory as in the unix command shell.

3.2. To Create a New Program

To start writing a new program, choobde—New Program. A new tab will appear in the work area.
You can write &GEL program in this work area. Once you have written your progyamcan run it by
Calculator—Run. This will execute your program and will display any outpuattbeConsole tab.
Executing a program is equivalent of taking the text of thegpam and typing it into the console. The
only difference is that this input is done independent ofdbesole and just the output goes onto the
console Calculator— Run will always run the currently selected program even if yoei@n the
Console tab. The currently selected program has its tab in bold tJpeelect a program, just click on
its tab.

To save the program you've just written, cho@sle — Save As...

3.3. To Open and Run a Program

To open afile, chooseile—Open. A new tab containing the file will appear in the work area. 6am
use this to edit the file.

To run a program from a file, choose—Load and Run.... This will run the program without
opening it in a separate tab. This is equivalent tol¢lael command.



Chapter 4. Plotting

Plotting support is only available in the graphical GNOMEsien. All plotting accessible from the
graphical interface is available from tleate Plot window. You can access this window by either
clicking on thePlot button on the toolbar or selectiijot from theCalculator menu. You can also
access the plotting functionality by using thietting functionsof the GEL language. Seghapter 50
find out how to enter expressions that Genius understands.

4.1. Line Plots

To graph real valued functions of one variable openGheate Plot window. You can also use the
Li nePl ot function on the command line (see its documentation).

Once you click thé?lot button, a window opens up with some notebooks in it. You waitet in the
Function line plot notebook tab, and inside you want to be onFouactions / Expressions notebook

tab. Sed-igure 4-1

Figure 4-1. Create Plot Window

Function |ine plot | Suface plot

Eunctions | Exprassions | Parametric

1n function names or expressons Ivilng the x
bomes Balow to graph theem

314158 = tor [3.141%9

¥ from: |-1.10000 12| tor |110000

se || plat

Into the text boxes just type in expressions whergthe independent variable. You can also just give
names of functions such ass rather then having to typeos( x) . You can graph up to ten functions. If
you make a mistake and Genius cannot parse the input it wilifsi this with a warning icon on the right
of the text input box where the error occurred, as well angiyiou an error dialog. You can change the
ranges of the dependent and independent variables in ttenbpart of the dialog. Pressing tRéot
button produces the graph showrFigure 4-2
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Figure 4-2. Plot Window

Graph  Zoom

From here you can print out the plot, create encapsulatadgqgs or a PNG version of the plot or
change the zoom. If the dependent axis was not set corremilggn have Genius fit it by finding out the
extrema of the graphed functions.

For plotting using the command line see the documentationedfi nePl ot function.

4.2. Parametric Plots

In the create plot window, you can also chooseRaeametric notebook tab to create two dimensional
parametric plots. This way you can plot a single parametiicfion. You can either specify the points as
x andy, or giving a single complex number. S&gure 4-3
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Figure 4-3. Parametric Plot Tab

Function fine plat | Sudace plw':'|

Eunctions | Expressions I Barametric |

Type In function names or exprassions ivolng the T vanable
i the beoes betow ta graph them, Either fill in bath bases vwith
%= and y= in front of thems ghing the x and y canrdinates
saparately, ar altarnatively fill in the 7 box giing x and y as
the real and imaginary part of 8 complas rumber.

= | sifd2opiet) | @
y= | coslvpitt] | @
o
F

> i L i
Parameter tfrom: 000000 =l te: 100000 |—,! by |0.01000 1=

ot Window

% from{ |-1.10000 2| tor {1.10000 18]

¥ frem: |-1.10000 i‘,-! tor | 110000

Plat

X ciose | [

An example of a parametric plot is givenkilgure 4-3 Similar operations can be done on such graphs as
can be done on the other line plots. For plotting using themand line see the documentation of the
Li nePl ot Paramet ri c orLi nePl ot CPar anet ri ¢ function.

Figure 4-4. Parametric Plot

- Hlot |l
Graph  Zoom
1.t 0.8 B0 0.5 1.0
T T T T T
1o
o8 -
0.0 |
<05 |
1.0

4.3. Slopefield Plots

In the create plot window, you can also chooseStape field notebook tab to create a two dimensional
slope field plot. Similar operations can be done on such grapltan be done on the other line plots. For
plotting using the command line see the documentation o$tlo@ef i el dPl ot function.
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When a slope field is active, there is an eX@@ver menu available, through which you can bring up the
solver dialog. Here you can have Genius plot specific salstfor the given initial conditions. You can
either specify initial conditions in the dialog, or you cditk on the plot directly to specify the initial
point. While the solver dialog is active, the zooming by kiig and dragging does not work. You have
to close the dialog first if you want to zoom using the mouse.

The solver uses the standard Runge-Kutta method. The pilbttay on the screen until cleared. The
solver will stop whenever it reaches the boundary of thewlotlow. Zooming does not change the
limits or parameters of the solutions, you will have to clead redraw them with appropriate
parameters. You can also use Bi@pef i el dDr awSol ut i on function to draw solutions from the
command line or programs.

4.4. Vectorfield Plots

In the create plot window, you can also choose\ketor field notebook tab to create a two dimensional
vector field plot. Similar operations can be done on suchlig@s can be done on the other line plots.
For plotting using the command line see the documentatiohedfect or f i el dPI ot function.

By default the direction and magnitude of the vector fielchisvgn. To only show direction and not the
magnitude, check the appropriate checkbox to normalizartosv lengths.

When a vector field is active, there is an ex@@ver menu available, through which you can bring up
the solver dialog. Here you can have Genius plot specifidisolsifor the given initial conditions. You
can either specify initial conditions in the dialog, or yanalick on the plot directly to specify the
initial point. While the solver dialog is active, the zoomihy clicking and dragging does not work. You
have to close the dialog first if you want to zoom using the reous

The solver uses the standard Runge-Kutta method. The pilbstay on the screen until cleared.
Zooming does not change the limits or parameters of theisakityou will have to clear and redraw
them with appropriate parameters. You can also us&¢heor f i el dDr awSol ut i on function to draw
solutions from the command line or programs.

4.5. Surface Plots

Genius can also plot surfaces. Select$ueface plot tab in the main notebook of thereate Plot
window. Here you can specify a single expression which shosé eithek andy as real independent
variables oz as a complex variable (whesxeis the real part of andy is the imaginary part). For
example to plot the modulus of the cosine function for compl@rameters, you could enfetos(z) | .
This would be equivalent tbcos( x+1i *y) | . SeeFigure 4-5 For plotting using the command line see
the documentation of theur f acePl ot function.

10



Figure 4-5. Surface Plot
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Chapter 5. GEL Basics

GEL stands for Genius Extension Language. It is the langyageise to write programs in Genius. A
program in GEL is simply an expression that evaluates to abmunGenius Mathematics Tool can
therefore be used as a simple calculator, or as a powerfulgtieal research tool. The syntax is meant to
have as shallow of a learning curve as possible, espectllyse as a calculator.

5.1. Values

Values in GEL can baumbersBoolean9r strings Values can be used in calculations, assigned to
variables and returned from functions, among other uses.

5.1.1. Numbers

Integers are the first type of number in GEL. Integers are@vriin the normal way.

1234

Hexidecimal and octal numbers can be written using C natakor example:

0x123ABC
01234

Or you can type numbers in an arbitrary base usisgse>\ <nunber >. Digits higher than 10 use letters
in a similar way to hexadecimal. For example, a number in B8seould be written:

23\ 1234ABCD

The second type of GEL number is rationals. Rationals arplgiachieved by dividing two integers. So
one could write:

34

to get three quarters. Rationals also accept mixed fractoation. So in order to get one and three
tenths you could write:

1 3/10

The next type if number is floating point. These are enteredsimilar fashion to C notation. You can
USeE, e or @as the exponent delimiter. Note that using the exponentiteli gives a float even if there
is no decimal point in the number. Examples:

12
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1.315

7.887e77

7.887e-77

.3

0.3

77e5

When Genius prints a floating point number it will always apga. 0 even if the number is whole. This
is to indicate that floating point numbers are taken as impeeguantities. When a number is written in
the scientific notation, it is always a floating point numbd $hus Genius does not print the.

The final type of number in gel is the complex numbers. You caarea complex number as a sum of
real and imaginary parts. The imaginary part ends with.afere are examples of entering complex
numbers:

1+2i

8. 01i
77+eM( 1. 3i)

Important: When entering imaginary numbers, a number must be in front of the i . If you use i by
itself, Genius will interpret this as referring to the variable i . If you need to referto i by itself, use 1i
instead.

In order to use mixed fraction notation with imaginary numbers you must have the mixed fraction in
parentheses. (i.e., (1 2/5)i)

5.1.2. Booleans

Genius also supports native Boolean values. The two Boaeastants are defined asue andf al se;
these identifiers can be used like any other variable. Yowatsnuse the identifief& ue, TRUE, Fal se
andFALSE as aliases for the above.

At any place where a Boolean expression is expected, yousesa Boolean value or any expression that
produces either a number or a Boolean. If Genius needs taaesh number as a Boolean it will
interpret 0 a$ al se and any other number as ue.

In addition, you can do arithmetic with Boolean values. Baraple:

( (1 +true) - false ) * true

is the same as:

( (true or true) or not false ) and true

13
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Only addition, subtraction and multiplication are suppdrtif you mix numbers with Booleans in an
expression then the numbers are converted to Booleans@#bdeksabove. This means that, for example:

1 ==true

always evaluates tor ue since 1 will be converted tor ue before being compared to ue.

5.1.3. Strings

Like numbers and Booleans, strings in GEL can be stored agsahside variables and passed to
functions. You can also concatenate a string with anothleevasing the plus operator. For example:

a=2+3;"The result is: "+a
will create the string:
The result is: 5

You can also use C-like escape sequences such,as,\ b,\\aand\r. Togeta or" into the string you
can quote it with & . For example:

"Slash: \\ Quotes: \" Tabs: \t1\t2\t3"
will make a string:

Slash: \ Quotes: " Tabs: 1 2 3

In addition, you can use the library functienr i ng to convert anything to a string. For example:
string(22)

will return

noon

Strings can also be compared with (equal),! = (not equal) ané&=> (comparison) operators

5.1.4. Null

There is a special value called! | . No operations can be performed on it, and nothing is printeen
it is returned. Thereforeaul | is useful when you do not want output from an expression. HEheev
nul I can be obtained as an expression when you typlee contantul | or nothing. By nothing we
mean that if you end an expression with a separatdris equivalent to ending it with a separator
followed by anul | .

14
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Example:

xX X
11l

Some functions returnul I when no value can be returned or an error happened.rlsb is used as
an empty vector or matrix, or an empty reference.

5.2. Using Variables

Syntax:
Vari abl eName
Example:

geni us> e
= 2.71828182846

To evaluate a variable by itself, just enter the name of thilke. This will return the value of the
variable. You can use a variable anywhere you would normesliya number or string. In addition,
variables are necessary when defining functions that tajkevaents (seSection 5.3.1

Using Tab completion:  You can use Tab completion to get Genius to complete variable names for
you. Try typing the first few letters of the name and pressing Tab.

Variable names are case sensitive: The names of variables are case sensitive. That means that
variables named hel | o, HELLO and Hel | o are all different variables.

5.2.1. Setting Variables

Syntax:

<identifier> = <val ue>
<identifier> := <val ue>
Example:

15
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To assign to a variable, use th@r : = operators. These operators set the value of the variablectunth
the number you set, so you can do things like

The=and: = operators can both be used to set variables. The differexteeebn them is that the=
operator always acts as an assignment operator, whereasffegator may be interpreted as testing for
equality when used in a context where a Boolean expressmxpiscted.

For issues regarding the scope of variables Sesion 6.5

5.2.2. Built-in Variables

GEL has a number of built-in ‘variables’, sucheoi or Gol denRat i 0. These are widely used
constants with a preset value, and they cannot be assigmedahges. There are a number of other
built-in variables. Se&ection 11.4or a full list.

5.2.3. Previous Result Variable

TheAns andans variables can be used to get the result of the last expressomrexample, if you had
performed some calculation, to add 389 to the result youdcdal

Ans+389

5.3. Using Functions

Syntax:
Functi onNane(argunentl, argument2, ...)
Example:

Factorial (5)

16
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cos(2xpi)
gcd( 921, 317)

To evaluate a function, enter the name of the function, ¥edid by the arguments (if any) to the function
in parentheses. This will return the result of applying tivection to its arguments. The number of
arguments to the function is, of course, different for eaaicfion.

There are many built-in functions, suchsis, cos andt an. You can use thael p built-in function to
get a list of available functions, or s€&hapter 1%¥or a full listing.

Using Tab completion:  You can use Tab completion to get Genius to complete function names for
you. Try typing the first few letters of the name and pressing Tab.

Function names are case sensitive:  The names of functions are case sensitive. That means that
functions named dosonet hi ng, DOSOVETHI NG and DoSonet hi ng are all different functions.

5.3.1. Defining Functions

Syntax:

function <identifier>(<conma separated argunents>) = <function body>
<identifier> = (‘() = <function body>)

The* is the backquote character, and signifies an anonymouddan&y setting it to a variable name
you effectively define a function.

A function takes zero or more comma separated argumentseturas the result of the function body.
Defining your own functions is primarily a matter of convamie; one possible use is to have sets of
functions defined in GEL files which Genius can load in ordentike available. Example:

function addup(a, b,c) = a+b+c

thenaddup( 1, 4, 9) yields 14

5.3.2. Variable Argument Lists

If you include. . . after the last argument name in the function declaratiam tBenius will allow any
number of arguments to be passed in place of that argumertt.dfguments were passed then that
argument will be set taul | . Otherwise, it will be a horizontal vector containing aletarguments. For
example:

function f(a,b...) = b

17
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Thenf (1, 2, 3) yields[ 2, 3], whilef (1) yields anul I .

5.3.3. Passing Functions to Functions

In Genius, it is possible to pass a function as an argumemtdthar function. This can be done using
either ‘function nodes’ or anonymous functions.

If you do not enter the parentheses after a function namieadf being evaluated, the function will
instead be returned as a ‘function node’. The function n@ateticen be passed to another function.
Example:

function f(a,b) = a(b)+1;
function b(x) = x*x;
f(b, 2)

If you want to pass a function that doesn't exist yet, you caman anonymous function (see
Section 5.3.1

Syntax:

function(<comra separated arguments>) = <function body>
‘(<commua separated argunments>) = <function body>

Example:

function f(a,b) = a(b)+1;
f('(x) = x*x,2)

5.3.4. Operations on Functions

Some functions allow arithmetic operations, and some siagjument functions such asp orl n, to
operate on the function. For example,

exp(si nxcos+4)
will return a function that does
exp(si n(x)*cos(x)+4)

This can be useful when quickly defining functions. For exknte create a function to perform the
above operation, you can just type:

f = exp(sinxcos+4)

This can also be used in plotting. For example, to plot sirasegiyou can enter:

18
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Li nePl ot (si n"2)

Warning

Not all functions can be used in this way. In addition, when you use a binary
operation the functions must take the same arguments.

5.4. Absolute Value / Modulus

You can make an absolute value of something by putting tharound it. For example:

| a- bj

In case the expression is a complex number the result wilhéertodulus (distance from the origin). For
example] 3 * e~(1li+pi)| returns 3.

5.5. Separator

In GEL if you want to type more than one command you have to hesg bperator, which is a way to
separate expressions, such a combined expression wilhnehatever is the result of the last one, so
suppose you type the following:

3: 5

This expression will yield 5.

This will require some parenthesizing to make it unambigueametimes, especially if theis not the
top most primitive. This slightly differs from other prognming languages where thds a terminator

of statements, whereas in GEL it's actually a binary oper#tgou are familiar with pascal this should
be second nature. However genius can let you pretend it isrartator somewhat, if a is found at the
end of a parenthesis or a block, genius will itself appendlbndle to it as if you would have written
;nul | . This is usefull in case you do not want to return a value frasnaloop, or if you handle the
return differently. Note that it will slightly slow down theode if it is executed too often as there is one
more operator involved.
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5.6. Modular Evaluation

Sometimes when working with large numbers, it might be fagtesults are modded after each
calculation. To use it you just add "mod <integer>" afterélpression. Example:

27(5!) = 37(6!) nod 5

You can calculate the inverses of numbers mod some integesbysing rational numbers (of course
the inverse has to exist). Examples:

10"-1 nod 101
1/10 nod 101

You can also do modular evaluation with matrices includadgrtg inverses, powers and dividing.
Example:

A=112;34]
B=A-1nod5
A«B mod 5

This should yield the identity matrix as B will be the inverfeA mod 5.

Some functions such agrt orl og work in a different way when in modulo mode. These will then
work like their discrete versions working within the ringiofegers you selected. For example:

geni us> sqrt(4) nod 7

[2, 5]

geni us> 2*2 nmod 7

=4

sqrt will actually return all the possible square roots.

5.7. List of GEL Operators

As everything in gel is really just an expression, it is ne@list all connected together with operators.
Here is a list of the operators in GEL.
a; b

The separator, just evaluates batandb, but returns only the result af.

a=b

The assignment operator. This assigrs a (a must be a validvalue) (note however that this
operator may be translated+e if used in a place where boolean expression is expected)
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a: =b

The assignment operator. Assign® a (a must be a validvalue). This is different from= because
it never gets translated to=a.

| al
Absolute value or modulus (& is a complex number).
See Mathworld (http://mathworld.wolfram.com/Absolugdie.html) for more information.
a”b
Exponentiation, raises to thebth power.
a.b
Element by element exponentiation. Raise each element aftiaxma to thebth power. Or ifb is a
matrix of the same size as then do the operation element by elemena i§ a number and is a
matrix then it creates matrix of the same sizé agith a raised to all the different powers in
atb
Addition. Adds two numbers, matrices, functions or strirlfgou add a string to anything the
result will just be a string.
a-b
Subtraction. Subtract two numbers, matrices or functions.
axb
Multiplication. This is the normal matrix multiplication.
a.*b
Element by element multiplication & andb are matrices.
alb
Division.
a./b
Element by element division.
a\b
Back division. That is this is the same@sa.
a.\b

Element by element back division.
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a%
The mod operator. This does not turn on thedular modebut just returns the remainderafb.
a. %
Element by element the mod operator. Returns the remaiadé@erelement by elemeat / b.
a nod b
Modular evaluation operator. The expressiois evaluated modulb. SeeSection 5.6Some
functions and operators behave differently modulo an irteg
a
Factorial operator. This is likex. . . *(n-2) *(n- 1) *n.
al!
Double factorial operator. This is likex. . . *(n-4) *(n-2) *n.
a==b
Equality operator (returnisr ue or f al se).
al =b
Inequality operator, returrntg ue if a does not equd else returngal se.
a<>b
Alternative inequality operator, returnsue if a does not equdl else returngal se.
a<=b
Less than or equal operator, retutnsie if a is less than or equal toelse returng al se.
a>=b
Greater than or equal operator, returnse if a is greater than or equal toelse returng al se.
a<=>b
Comparison operator.  is equal tao it returns 0, ifa is less tham it returns -1 and it is greater
thanb it returns 1.
a and b
Logical and.
aorb
Logical or.
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a xor b

Logical xor.

not a

Logical not.

Negation operator.

&a

Variable referencing (to pass a reference to something)S8etion 6.7

*a

Variable dereferencing (to access a referenced varibée)S8ction 6.7

Matrix conjugate transpose.

Matrix transpose, does not conjugate the entries.

a@b, c)
Get element of a matrix in row and columrc. If b, ¢ are vectors, then this gets the corresponding
rows columns or submatrices.

a@hb,)
Get row of a matrix (or rows ib is a vector).

a@b, :)

Same as above.

a@, c)
Get column of a matrix (or columnsdfis a vector).

a@:,c)

Same as above.

a@b)
Get an element from a matrix treating it as a vector. ThistralVerse the matrix row-wise.
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a:b
Build a vector froma to b (or specify a row, column region for th@operator). For example to get
rows 2 to 4 of mamtrixA we could do
A@2: 4,)

as2: 4 will return a vectoq 2, 3, 4] .

a:b:c
Build a vector froma to ¢ with b as a step. That is for example
genius> 1:2:9

‘[1, 3, 5, 7, 9]

(a)i

Make a imaginary number (multiply by the imaginary). Note that normally the numlbas
written asli . So the above is equal to

(@) *1i

Quote an identifier so that it doesn’t get evaluated. Or qaatmtrix so that it doesn't get expanded.

Note: The @() operator makes the : operator most useful. With this you can specify regions of a
matrix. So that a@(2:4,6) is the rows 2,3,4 of the column 6. Or a@(,1:2) will get you the first two
columns of a matrix. You can also assign to the @() operator, as long as the right value is a matrix
that matches the region in size, or if it is any other type of value.

Note: The comparison operators (except for the <=> operator which behaves normally), are not
strictly binary operators, they can in fact be grouped in the normal mathematical way, e.g.:
(1<x<=y<5) is a legal boolean expression and means just what it should, that is (1<x and x<y and

y<5)

Note: The unitary minus operates in a different fashion depending on where it appears. If it appears
before a number it binds very closely, if it appears in front of an expression it binds less than the
power and factorial operators. So for example - 17k is really (- 1) ~k, but - f oo( 1) 7k is really

- (foo(1)”k). So be careful how you use it and if in doubt, add parentheses.
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6.1. Conditionals

Syntax:
i f <expressionl> then <expression2> [el se <expressi on3>]

If el se is omitted, then if thexpr essi on1 yieldsf al se or O,NULL is returned.

Examples:

i f(a==5)then(a=a-1)

if b<a then b=a

if ¢>0 then c=c-1 else c=0

a=(if b>0 then b else 1)

Note that= will be translated te== if used inside the expression fof, so
if a=5 then a=a-1

will be interpreted as:

if a==5 then a:=a-1

6.2. Loops

6.2.1. While Loops

Syntax:

whi | e <expressionl> do <expression2>
until <expressionl> do <expression2>
do <expression2> while <expressionl>
do <expression2> until <expressionl>

These are similiar to other languages, however they reh@ngsult of the last iteration otULL if no
iteration was done. In the boolean expressiois, translated inte= just as for the f statement.
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6.2.2. For Loops

Syntax:

for <identifier> = <fronr to <to> do <body>
for <identifier> = <fronr to <to> by <increnent> do <body>

Loop with identifier being set to all values fronfir o to <t 0>, optionally using an increment other
than 1. These are faster, nicer and more compact than theahlmops such as above, but less flexible.
The identifier must be an identifier and can’t be a dereferefoe value of identifier is the last value of
identifier, or<f r on» if body was never evaluated. The variable is guaranteed ioitigdized after a

loop, so you can safely use it. Also ther on, <t 0> and<i ncr ement > must be non complex values.
The<t o> is not guaranteed to be hit, but will never be overshot, fanegle the following prints out odd
numbers from 1 to 19:

for i =1 to 20 by 2 do print(i)

6.2.3. Foreach Loops

Syntax:
for <identifier>in <matrix> do <body>

For each element, going row by row from left to right do the yadia print numbers 1,2,3 and 4 in this
order you could do:

for nin [1,2:3,4] do print(n)

If you wish to run through the rows and columns of a matrix, gan use the RowsOf and ColumnsOf
functions which return a vector of the rows or columns of thenr. So,

for nin RowsOf ([1,2:3,4]) do print(n)

will print out [1,2] and then [3,4].

6.2.4. Break and Continue

You can also use ther eak andcont i nue commands in loops. The continoent i nue command will
restart the current loop at its next iteration, while bheak command exits the current loop.

whi | e(<expressionl>) do (
i f (<expression2>) break
el se if(<expression3>) continue;
<expr essi on4>

)
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6.3. Sums and Products

Syntax:

sum <identifier> = <from> to <to> do <body>

sum <identifier> = <from> to <to> by <increnent> do <body>
sum <identifier>in <matri x> do <body>

prod <identifier> = <fronm> to <to> do <body>

prod <identifier> = <fronk to <to> by <increnent> do <body>
prod <identifier>in <matrix> do <body>

If you substitutef or with sumor pr od, then you will get a sum or a product instead dfa loop.
Instead of returning the last value, these will return tha su the product of the values respectively.

If no body is executed (for exampé&m i =1 to 0 do ...)thensumreturns O angr od returns 1 as
is the standard convention.

6.4. Comparison Operators

The following standard comparison operators are suppart€tEL and have the obvious meaning:,

>=, <=, 1=<> <,> Theyreturn rue orf al se. The operators= and<> are the same thing and mean
"is not equal to". GEL also supports the operater, which returns -1 if left side is smaller, 0 if both
sides are equal, 1 if left side is larger.

Normally = is translated te= if it happens to be somewhere where GEL is expecing a condstich as
in the if condition. For example

if a=b then c
if a==b then c

are the same thing in GEL. However you should reallyxrser : = when you want to compare or assign
respectively if you want your code to be easy to read and talaucstakes.

All the comparison operators (except for the> operator which behaves normally), are not strictly
binary operators, they can in fact be grouped in the norméhemaatical way, e.g.1kx<=y<5) is a legal
boolean expression and means just what it should, that isdfhe x<y and y<5)

To build up logical expressions use the wonds , and, or , xor . The operatorsr andand are special
beasts as they evaluate their arguemnts one by one, so taldnikufor conditional evaluation works
here as well. For example, or a=1 will not seta=1 since the first argument was true.
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6.5. Global Variables and Scope of Variables

Like most programming languages, GEL has different typesdfbles. Normally when a variable is
defined in a function, it is visible from that function andrnall functions that are called (all higher
contexts). For example, suppose a functiatefines a variable and then calls functiog. Then
functiong can reference. But oncef returns, the variable goes out of scope. This is where GEL
differs from a language such as C. One could describe vasats being semi global in a sense For
example, the following code will print out 5. The functigreannot be called on the top level (outside
asa will not be defined).

function f()
function g()

f();

(a:=5; g());
print(a);

If you define a variable inside a function it will override avgriables defined in calling functions. For
example, we modify the above code and write:

function f()
function g()
a: =10;

f();

(a:=5; 9());
print(a);

This code will still print out 5. But if you caly outside off then you will get a printout of 10. Note that
settinga to 5 insidef does not change the valueaft the top (global) level, so if you now check the
value ofa it will still be 10.

Function arguments are exactly like variables defined ésie function, except that they are initialized
with the value that was passed to the function. Other thaybiint, they are treated just like all other
variables defined inside the function.

Functions are treated exactly like variables. Hence youazally redefine functions. Normally (on the
top level) you cannot redefine protected variables and fomst But locally you can do this. Consider
the following session:

geni us> function f(x)
= (" (x)=(sin(x)"2))
genius> function f(x) = sin(x)"2

= (" (x)=(sin(x)"2))

genius> function g(x) = ((function sin(x)=x"10);f(x))
= (" (x)=((sin:=("(x)=(x"10)));f(x)))

geni us> g(10)

= 1e20

sin(x)"2
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Functions and variables defined at the top level are coresidgiobal. They are visible from anywhere.
As we said the following functiof will not change the value af to 5.

a=6;
function f() = (a:=5);
()

Sometimes, however, it is neccessary to set a global varfedih inside a function. When this behaviour
is needed, use theet function. Passing a string or a quoted identifier to this fiomcsets the variable
globally (on the top level). For example, to setio the value 3 you could call:

set(‘a, 3)
or:
set("a", 3)

Theset function always sets the toplevel global. There is no wayetadocal variable in some function
from a subroutine. If this is required, must use passing fareace.

So to recap in a more technical language: Genius operatesliffierent numberred contexts. The top
level is the context O (zero). Whenever a function is entetfezlcontext is raised, and when the function
returns the context is lowered. A function or a variable vgagls visible from all higher numbered
contexts. When a variable was defined in a lower numbere@xgdrtihen setting this variable has the
effect of creating a new local variable in the current contember and this variable will now be visible
from all higher numbered contexts.

There are also true local variables which are not seen frowlaere but the current context. Also when
returning functions by value it may reference variablesvwigible from higher context and this may be a
problem. See the sectiofisue Local VariableandReturning Functions

6.6. Returning

Normally a function is one or several expressions sepatatedsemicolon, and the value of the last
expression is returned. This is fine for simple function$,dmmetimes you do not want a function to
return the last thing calculated. You may, for example, viameturn from a middle of a function. In this
case, you can use thet ur n keyword.r et ur n takes one argument, which is the value to be returned.

Example:
function f(x) = (
y=1

while true do (
if x>50 then return y;
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y=y+1;
X=x+1

6.7. References

It may be neccessary for some functions to return more tharvalue. This may be accomplished by
returning a vector of values, but many times it is convenienise passing a reference to a variable. You
pass a reference to a variable to a function, and the funeatilbeet the variable for you using a
dereference. You do not have to use references only for thigose, but this is their main use.

When using functions which return values through refersiirtéhe argument list, just pass the variable
name with an ampersand. For example the following code withgute an eigenvalue of a matiwith
initial eigenvector guess, and store the computed eigenvector into the variable named

Rayl ei ghQuotientlteration (A x,0.001, 100, &)

The details of how references work and the syntax is similéné C language. The operagreferences
a variable and dereferences a variable. Both can only be applied to anifanso= = a is not a legal
expression in GEL.

References are best explained by an example:
a=1;

b=&a;

*p=2;

now a contains 2. You can also reference functions:
function f(x) = x+1;

t =&f ;

*t(3)

gives us 4.
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6.8. Lvalues

An Ivalue is the left hand side of an assignment. In other woad Ivalue is what you assign something
to. Valid Ivalues are:

Identifier. Here we would be setting the varable of name

*a

Dereference of an identifier. This will set whatever varabpoints to.

a@ <regi on>)

A region of a matrix. Here the region is specified normally @& he regular @() operator, and can
be a single entry, or an entire region of the matrix.

Examples:

a: =4

*tnp = 89
a@1l,1) :=5
a@4:8,3) :=[1,2,3,4,5]

Note that both = and= can be used interchangably. Except if the assignment appearcondition. It is
thus always safer to just use when you mean assignment, asrlwhen you mean comparison.
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7.1. Error Handling

If you detect an error in your function, you can bail out oFitr normal errors, such as wrong types of
arguments, you can fail to compute the function by addingthgemenbai | out . If something went
really wrong and you want to completely kill the current cartgiion, you can usexcept i on.

For example if you want to check for arguments in your funttiou could use the following code.

function f(M = (
if not Ishvatrix (M then (
error ("Mnot a matrix!");
bai | out

)

7.2. Toplevel Syntax

The synatax is slightly different if you enter statementstantop level versus when they are inside
parentheses or inside functions. On the top level, enterthetsame as if you press return on the
command line. Therefore think of programs as just sequehloges as if were entered on the command
line. In particular, you do not need to enter the separattireaénd of the line (unless it is of course part
of several statements inside parenteses).

The following code will produce an error when entered on tpelével of a program, while it will work
just fine in a function.

if Sonething() then
DoSonet hi ng()

el se
DoSonet hi ngEl se()

The problem is that after Genius Mathematics Tool sees ti®&lne after the second line, it will
decide that we have whole statement and it will execute terthe execution is done, Genius
Mathematics Tool will go on to the next line, it will seé se, and it will produce a parsing error. To fix
this, use parentheses. Genius Mathematics Tool will noabsfied until it has found that all parenteses
are closed.
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if Something() then (
DoSonet hi ng()

) else (
DoSonet hi ngEl se()

)

7.3. Returning Functions

It is possible to return functions as value. This way you aaitddunctions which construct special
purpose functions according to some parameters. The thitky what variables does the function see.
The way this works in GEL is that when a function returns aaofhnction, all identifiers referenced in
the function body that went out of scope are prepended atpriliationary of the returned function. So
the function will see all variables that were in scope whemas defined. For example we define a
function which returns a function which adds 5 to its argumen

function f() = (
k = 5;
“(x) = (x+k)
)

Notice that the function addsto x. You could use this as follows.

g="f0;
a(5)

And g(5) should return 10.
One thing to note is that the valuelothat is used is the one that's in effect when theeturns. For
example:

function f() = (

k := 5
function r(x) = (x+k);
k := 10;

r

)

will return a function that adds 10 to its argument rathentBaThis is because the extra dictionary is
created only when the context in which the function was ddferads, which is when the functién
returns. This is consistent with how you would expect thecfiomr to work inside the functiofi
according to the rules of scope of variables in GEL. Only ¢éhweriables are added to the extra
dictionary that are in the context that just ended and nodorgists. Variables used in the function that
are in still valid contexts will work as usual, using the @ntvalue of the variable. The only difference
is with global variables and functions. All identifiers tmaferenced global variables at time of the
function definition are not added to the private dictiondiyis is to avoid much unnecessary work when
returning functions and would rarely be a problem. For eXarrguppose that you delete the "k=5" from
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the functionf , and at the top level you defiteto be say 5. Then when you rdinthe functionr will not
putk into the private dictionary because it was global (toplgaethe time of definition of .

Sometimes it is better to have more control over how varihte copied into the private dictionary.
Since version 1.0.7, you can specify which variables argéecbipto the private dictionary by putting
extra square brackets after the arguments with the list idilvies to be copied separated by commas. If
you do this, then variables are copied into the private aliary at time of the function definition, and the
private dictionary is not touched afterwards. For example

function f() = (

k := 5
function r(x) [K] = (x+k);
k := 10;

r

)

will return a function that when called will add 5 to its argent. The local copy ok was created when
the function was defined.

When you want the function to not have any private dictionalngn put empty square brackets after the
argument list. Then no private dictionary will be createdlatDoing this is good to increase efficiency
when a private dictionary is not needed or when you want thetfan to lookup all variables as it sees
them when called. For example suppose you want the funatiomned fronf to see the value df from
the toplevel despite there being a local variable of the saamee during definition. So the code

function f() = (
k :=5;
function r(x) [] = (x+k);

= 10;
will return 20 and not 15, which would happerkifvith a value of 5 was added to the private dictionary.

7.4. True Local Variables

When passing functions into other functions, the normapsapof variables might be undesired. For
example:

k := 10;

function r(x) = (x+k);
function f(g,x) = (

k :=5;

9(x)

)
f(r,1)
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you probably want the functionwhen passed asinto f to seek as 10 rather than 5, so that the code
returns 11 and not 6. However, as written, the function wheteted will see the that is equal to 5.
There are two ways to solve this. One would be to hragetk in a private dictionary using the square
bracket notation sectioReturning Functions

But there is another solution. Since version 1.0.7 theréraeelocal variables. These are variables that
are visible only from the current context and not from anyezhfunctions. We could defineas a local
variable in the functiori. To do this add docal statement as the first statement in the function (it must
always be the first statement in the function). You can alskenaay arguments be local variables as
well. That is,

function f(g,x) = (
I ocal g, x,k;

k :=5;

g(x)

)

Then the code will work as expected and prints out 11. Notetttedocal statement initializes all the
refereced variables (except for function arguments)riold .

If all variables are to be created as locals you can just passt@rix instead of a list of variables. In this
case the variables will not be initialized until they areuadty set of course. So the following definition
of f will also work:

function f(g,x) = (
| ocal =;
k :=5;
g(x)
);

It is good practice that all functions that take other fuoiet as arguments use local variables. This way
the passed function does not see implementation detailgetr@bnfused.

7.5. GEL Startup Procedure

First the program looks for the installed library file (therqailed versiori i b. cgel ) in the installed
directory, then it looks into the current directory, andrtlitgtries to load an uncompiled file called
~/.geniusinit.

If you ever change the the library its installed place, yidwalve to first compile it wittgenius --compile
loader.gel > lib.cgel
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7.6. Loading Programs

Sometimes you have a larger program that you wrote into ariilenaant to read in that file. In these
situations, you have two options. You can keep the functymususe most inside the . geni usi ni t

file. Or if you want to load up a file in a middle of a session (@nfrwithin another file), you can type

load <list of filenames>at the prompt. This has to be done on the top level and notdresig function

or whatnot, and it cannot be part of any expression. It alscateglightly different syntax than the rest of
genius, more similiar to a shell. You can enter the file in g@goltf you use the ” quotes, you will get
exactly the string that you typed, if you use the " quotescsgl characters will be unescaped as they are
for strings. Example:

| oad programl. gel progran®. gel
load "Weird File Name Wth SPACES. gel "

There are alsad, pwd andls commands built incd will take one arguments will take an argument
which is like the glob in the unix shell (i.e., you can use wddds) pwd takes no arguments. For
example:

cd directory_wi th_gel _prograns
I's *.gel
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Genius has support for vectors and matrices and a sizabéeylibf matrix manipulation and linear
algebra functions.

8.1. Entering Matrices

To enter matrixes, you can use one of the following two syegaXou can either enter the matrix on one
line, separating values by commas and rows by semicolongo®can enter each row on one line,
separating values by commas. You can also just combine thenethods. So to enter a 3x3 matrix of
numbers 1-9 you could do

[1,2,3:4,5,6,7,8,9]
or

[

1, 2
4, 5,
7, 8

o W

©

]

Do not use both ’;" and return at once on the same line though.

You can also use the matrix expansion functionality to ematricies. For example you can do:

a =|

and you should get

[1, 2, 3, 10
4, 5 6, 10
7, 8 9, 10
11, 11, 11, 12]

similiarly you can build matricies out of vectors and othefidike that.

Another thing is that non-specified spots are initialize@,teo

[1, 2, 3
4, 5
6]

will end up being
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[1, 2, 3
4, 5 0
6, 0, O]

When matrices are evaluated, they are evaluated and teavenw-wise. This is just like the@ j )
operator which traverses the matrix row-wise.

Note: Be careful about using returns for expressions inside the [ ] brackets, as they have a slightly
different meaning there. You will start a new row.

8.2. Conjugate Transpose and Transpose Operator

You can conjugate transpose a matrix by using tloperator. That is the entry in théh column and the
j th row will be the complex conjugate of the entry in fjh column and thé th row of the original
matrix. For example:

[1,2,3]%[4,5,6]"’

We transpose the second vector to make matrix multiplingimssible. If you just want to transpose a
matrix without conjugating it, you would use thé operator. For example:

[1,2,3]+[4,5, 6i].

Note that normal transpose, that is theoperator, is much faster and will not create a new copy of the
matrix in memory. The conjugate transpose does create aogywmfortunately. It is recommended to
always use the’ operator when working with real matrices and vectors.

8.3. Linear Algebra

Genius implements many useful linear algebra and matrixpodation routines. See tHdanear Algebra
andMatrix Manipulationsections of the GEL function listing.

The linear algebra routines implemented in GEL do not culy@ome from a well tested numerical
package, and thus should not be used for critical numerazapeitation. On the other hand, Genius
implements very well many linear algebra operations wittorel and integer coefficients. These are
inherently exact and in fact will give you much better restitan common double precision routines for
linear algebra.
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For example, it is pointless to compute the rank and nullspda floating point matrix since for all
practical purposes, we need to consider the matrix as haamg slight errors. You are likely to get a
different result than you expect. The problem is that undenall perturbation every matrix is of full
rank and invertible. If the matrix however is of rational noens, then the rank and nullspace are always
exact.

In general when Genius computes the basis of a certain #peatoe (for example with thaul | Space) it
will give the basis as a matrix, in which the columns are thetwes of the basis. That is, when Genius
talks of a linear subspace it means a matrix whose columredpdbe given linear subspace.

It should be noted that Genius can remember certain pregestia matrix. For example, it will
remember that a matrix is in row reduced form. If many calisraade to functions which internally use
row reduced form of the matrix, we can just row reduce the magforehand once. Successive calls to
rref will be very fast.
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Currently Genius can handle polynomials of one variablétamiout as vectors, and do some basic
operations with these. It is planned to expand this suppoitiér.

9.1. Using Polynomials

Currently polynomials in one variable are just horizontdtors with value only nodes. The power of the
term is the position in the vector, with the first positionrigeD. So,

[1,2,3]
translates to a polynomial of

1 + 2#x + 3*x"2

You can add, subtract and multiply polynomials usingAliéPol y, Subt r act Pol y, and
Mul ti pl yPol y functions respectively. You can print a polynomial using®ol yToSt ri ng function.
For example,

Pol yToString([1,2,3],"y")
gives
3xyn2 + 2%y + 1

You can also get a function representation of the polynosuahat you can evaluate it. This is done by
usingPol yToFunct i on, which returns an anonymous function which you can assigoteething.

f = Pol yToFunction([O0, 1, 1])
f(2)

It is also possible to find roots of polynomials of degreesraulyh 4 by using the function

Pol ynoni al Root s, which calls the appropriate formula function. Higher desgpolynomials must be
converted to functions and solved numerically using a fiemcsuch a$i ndRoot Bi sect i on,

Fi ndRoot Fal sePosi ti on, Fi ndRoot Mul | er sMet hod, or Fi ndRoot Secant .

SeeSection 11.15n the function list for the rest of functions acting on podynials.
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Genius has some basic set theoretic functionality builCumrrently a set is just a vector (or a matrix).
Every distinct object is treated as a different element.

10.1. Using Sets

Just like vectors, objects in sets can include numberagstmul | , matrices and vectors. It is planned in
the future to have a dedicated type for sets, rather thag wsictors. Note that floating point numbers
are distinct from integers, even if they appear the samet i§h&enius will treab and0. 0 as two

distinct elements. Theul | is treated as an empty set.

To build a set out of a vector, use thiekeSet function. Currently, it will just return a new vector where
every element is unique.

geni us> MakeSet ([ 1, 2, 2, 3])
=[1, 2, 3]

Similarly there are functionisni on, | nt er sect i on, Set M nus, which are rather self explanatory. For
example:

genius> Union([1,2,3], [1,2,4])
=11, 2, 4, 3]

Note that no order is guaranteed for the return values. lfwish to sort the vector you should use the
Sor t Vect or function.
For testing membership, there are functibesn andl sSubset , which return a boolean value. For

example:

genius> Isln (1, [0,1,2])
= true

The inputl sl n(x, X) is of course equivalent tiosSubset ([ x], X) . Note that since the empty setis a
subset of every setsSubset (nul |, X) is always true.
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To get help on a specific function from the console type:

hel p Functi onNane

11.1. Commands

help
hel p

hel p Functi onNane

Print help (or help on a function/command).

load

load "file.gel"

Load a file into the interpretor. The file will execute as if ibrg typed onto the command line.

cd

cd /directory/ nane

Change working directory todi r ect or y/ nane.

pwd
pwd

Print the current working directory.

I's

List files in the current directory.
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plugin
pl ugi n plugi n_nane

Load a plugin. Plugin of that name must be installed on theegydn the proper directory.

11.2. Basic

AskString
AskString (query)
AskString (query, default)

Asks a question and lets the user enter a string which it thiemrrs. If the user cancels or closes the
window, thennul | is returned. The execution of the program is blocked undiiuker responds. If
def aul t is given, then it is pre-typed in for the user to just presgeah.

Compose
Conpose (f, Q)

Compose two functions and return a function that is the caitipo off andg.

ComposePower
ConposePower (f,n, x)

Compose and execute a function with itsetfimes, passing as argument. Returningif n equals
0. Example:

genius> function f(x) = x"2 ;
geni us> ConposePower (f,3,7)
= 5764801

genius> f(f(f(7)))

= 5764801

Evaluate

Eval uate (str)

Parses and evaluates a string.
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GetCurrentModulo
Get Current Mbdul o

Get current modulo from the context outside the functioratli, if outside of the function was
executed in modulo (usingod) then this returns what this modulo was. Normally the bodthef
function called is not executed in modular arithmetic, arid builtin function makes it possible to
make GEL functions aware of modular arithmetic.

Identity
ldentity (x)

Identity function, returns its argument.

IntegerFromBoolean

I nt eger Fr onBool ean (bval)

Make integer (0 fof al se or 1 fort r ue) from a boolean valuéaval can also be a number in
which case a non-zero value will be interpreted mase and zero will be interpretted dsl se.

IsBoolean

| sBool ean (arg)

Check if argument is a boolean (and not a number).

IsDefined
| sDefined (id)

Check if an id is defined. You should pass a string or and iflentif you pass a matrix, each entry
will be evaluated separately and the matrix should contaings or identifiers.

IsFunction

I sFunction (arg)

Check if argument is a function.
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IsFunctionOrldentifier

I sFunctionOrldentifier (arg)

Check if argument is a function or an identifier.

IsFunctionRef

I sFuncti onRef (arg)

Check if argument is a function reference. This includesatde references.

IsMatrix
IsMatrix (arg)

Check if argument is a matrix. Even thoughi | is sometimes considered an empty matrix, the
functionl svat ri x does not considerul | a matrix.

IsNull
IsNul |l (arg)

Check if argumentis a null.

IsString
IsString (arg)

Check if argument is a text string.

IsValue

I sVal ue (arg)

Check if argument is a number.

Parse

Parse (str)

Parses but does not evaluate a string. Note that certaiopmgdation is done during the parsing
stage.
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SetFunctionFlags

Set FunctionFl ags (id,flags...)

Set flags for a function, currentiyPr opagat eMbd" and" NoModul oAr gunent s" . If

" Pr opagat eMbd" is set, then the body of the function is evaluated in modui#raetic when the
function is called inside a block that was evaluated usinguter arithmetic (usingod). If

" NoModul oAr gunment s”, then the arguments of the function are never evaluated nsodular
arithmetic.

SetHelp
Set Hel p (i d, category, desc)

Set the category and help description line for a function.

SetHelpAlias
Set Hel pAlias (id,alias)

Sets up a help alias.

chdir
chdir (dir)

Changes current directory, same asdte

display
di splay (str, expr)

Display a string and an expression with a colon to separate th

error

error (str)

Prints a string to the error stream (onto the console).

exit

exit
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Aliases:qui t

Exits the program.

false

fal se

Aliases:Fal se FALSE

The false boolean value.

manual

manual

Displays the user manual.

print
print (str)

Prints an expression and then print a newline. The argustentan be any expression. It is made
into a string before being printed.

printn

printn (str)

Prints an expression without a trailing newline. The argoieer can be any expression. It is made
into a string before being printed.

protect

protect (id)

Protect a variable from being modified. This is used on therivétl GEL functions to avoid them
being accidentally overridden.

ProtectAll
ProtectAll ()
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Protect all currently defined variables, parameters anctimms from being modified. This is used
on the internal GEL functions to avoid them being accidéyntalerridden. Normally Genius
Mathematics Tool considers unprotected variables as eseredl.

set

set (id,val)

Set a global variable. Thed can be either a string or a quoted identifier as follows. Fangxe:

set(‘x,1)

will set the global variable to the value 1.

string

string (s)

Make a string. This will make a string out of any argument.

true

true

Aliases:Tr ue TRUE

The true boolean value.

undefine
undefine (id)

Alias: Undef i ne

Undefine a variable. This includes locals and globals, evalye on all context levels is wiped.
This function should really not be used on local variableseator of identifiers can also be passed
to undefine several variables.

UndefineAll
UndefineAll ()

Undefine all unprotected global variables (including fimas and parameters). Normally Genius
Mathematics Tool considers protected variables as sységimed! functions and variables. Note that
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Undef i neAl | only removes the global definition of symbols not local orsesthat it may be run
from inside other functions safely.

unprotect

unprotect (id)

Unprotect a variable from being modified.

UserVariables
User Vari abl es ()

Return a vector of identifiers of user defined (unprotectéat)a variables.

wait

wait (secs)

Waits a specified number of seconglscs must be nonnegative. Zero is accepted and nothing
happens in this case, except possibly user interface essntgocessed.

version

versi on

Returns the version of Genius as a horizontal 3-vector wajonmversion first, then minor version
and finally patchlevel.

warranty

war r ant y

Gives the warranty information.

11.3. Parameters

ChopTolerance

ChopTol erance = nunber
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Tolerance of th&hop function.

ContinuousNumberOfTries
Cont i nuousNunber O Tri es = nunber

How many iterations to try to find the limit for continuity afichits.

ContinuousSFS
Cont i nuousSFS = nunber

How many successive steps to be within tolerance for caionlaf continuity.

ContinuousTolerance

Cont i nuousTol erance = nunber

Tolerance for continuity of functions and for calculatig limit.

DerivativeNumberOfTries
Derivati veNunber O Tri es = nunber

How many iterations to try to find the limit for derivative.

DerivativeSFS
Derivati veSFS = nunber

How many successive steps to be within tolerance for caionlaf derivative.

DerivativeTolerance

DerivativeTol erance = nunber

Tolerance for calculating the derivatives of functions.

ErrorFunctionTolerance

Error Functi onTol erance = nunber

Tolerance of thér r or Funct i on.
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FloatPrecision

Fl oat Preci si on = nunber

Floating point precision.

FullExpressions

Ful | Expr essi ons = bool ean

Print full expressions, even if more than a line.

GaussDistributionTolerance

GaussDi stri butionTol erance = nunber

Tolerance of th&aussDi st ri buti on function.

IntegerOutputBase

I nt eger Qut put Base = nunber

Integer output base.

IsPrimeMillerRabinReps

IsPrimeM I | er Rabi nReps = nunber

Chapter 11. List of GEL functions

Number of extra Miller-Rabin tests to run on a number bef@aearing it a prime in sPri nme.

LinePlotWindow
Li nePl ot W ndow = [x1, x2,y1,y2]

Sets the limits fofine plotting functionssuch ad.i nePl ot .

LinePlotDrawLegends
Li nePl ot DrawLegends = true

Tells genius to draw the legends fore plotting functionssuch ad.i nePl ot .
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MaxDigits
MaxDi gi ts = nunber

Maximum digits to display.

MaxErrors

MaxErrors = nunber

Maximum errors to display.

MixedFractions

M xedFracti ons = bool ean

If true, mixed fractions are printed.

NumericallntegralFunction

Nureri cal | nt egral Function = function

The function used for numerical integrationNaner i cal I nt egr al .

NumericallntegralSteps

Nureri cal | nt egral St eps = nunber

Steps to perform imluneri cal I nt egral .

OutputChopExponent
Qut put ChopExponent = nunber

When another number in the object being printed (a matrixvalae) is greater than
1gOutputChopWhenExponeniy g the number being printed is less tharP4ichorEPonentthan displayd. 0
instead of the number.

Output is never chopped@ut put ChopExponent is zero. It must be a nonnegative integer.

If you want output always chopped accordingia put ChopExponent , then set
Qut put ChopWhenExponent , to something greater than or equalia put ChopExponent .
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OutputChopWhenExponent
Qut put ChopWhenExponent = nunber

When to chop output. Seait put ChopExponent .

OutputStyle
Qutput Style = string

Output style, this can beor mal , | at ex, mat hnl ortrof f.

This affects mostly how matrices and fractions are printetcbod is useful for pasting into
documents. For example you can set this to the latex by:

Qutput Style = "l atex"

ResultsAsFloats

Resul t sAsFl oat s = bool ean

Convert all results to floats before printing.

ScientificNotation

ScientificNotation = bool ean

Use scientific notation.

SumProductNumberOfTries
SunPr oduct Nunber O Tri es = nunber

How many iterations to try fornf i ni t eSumandl nf i ni t ePr oduct .

SumProductSFS
SunPr oduct SFS = nunber

How many successive steps to be within tolerance fdii ni t eSumandl nf i ni t ePr oduct .
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SumProductTolerance

SunPr oduct Tol erance = nunber

Tolerance foi nfi ni t eSumandI nfi ni t ePr oduct .

SurfacePlotWindow

Sur facePl ot Wndow = [x1, x2,vy1,y2,z1, z2]

Sets the limits for surface plotting (Seer f acePl ot).

VectorfieldNormalized

Vectorfiel dNornalized = true

Should the vectorfield plotting have normalized arrow léngjttrue, vector fields will only show
direction and not magnitude. (Seect or fi el dPl ot).

11.4. Constants

CatalanConstant

Cat al anConst ant

Catalan’s Constant, approximately 0.915... It is defindaktthe series where terms are
(-17k)/ ((2+k+1)~2), wherek ranges from 0 to infinity.

See Mathworld (http://mathworld.wolfram.com/Catalaoa&tant.html) for more information.

EulerConstant

Eul er Const ant
Aliases:ganma
Euler's Constant gamma. Sometimes called the Euler-Masnheonstant.

See Wikipedia (http://en.wikipedia.org/wiki/Euler-Mdmeroni_constant) or Planetmath
(http://planetmath.org/encyclopedia/MascheroniCamishtml) or Mathworld
(http://mathworld.wolfram.com/Euler-MascheroniCargthtml) for more information.

54



Chapter 11. List of GEL functions

GoldenRatio

Gol denRati o

The Golden Ratio.

See Wikipedia (http://en.wikipedia.org/wiki/Goldenticd or Planetmath
(http://planetmath.org/encyclopedia/GoldenRatiolhemMathworld
(http://mathworld.wolfram.com/GoldenRatio.html) foone information.

Gravity

pi

Gavity

Free fall acceleration at sea level.

See Wikipedia (http://en.wikipedia.org/wiki/Standagdavity) for more information.

The base of the natural logarithetx is the exponential functioaxp. This is the number
approximately 2.71828182846...

See Wikipedia (http://en.wikipedia.org/wiki/E_(mathatical _constant)) or Planetmath
(http://planetmath.org/encyclopedia/E.html) or Mathlddhttp://mathworld.wolfram.com/e.html)
for more information.

pi

The number pi, that is the ratio of a circle’s circumferercéd diameter. This is approximately
3.14159265359...

See Wikipedia (http://en.wikipedia.org/wiki/Pi) or Pitmath
(http://planetmath.org/encyclopedia/Pi.html) or Matmid (http://mathworld.wolfram.com/Pi.html)
for more information.
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11.5. Numeric

AbsoluteValue
Absol ut eVal ue (x)

Aliases:abs

Absolute value of a number andxfis a complex value the modulus »fl.e. this the distance of
to the origin.

See Wikipedia (http://en.wikipedia.org/wiki/Absoluiglue), Planetmath (absolute value)
(http://planetmath.org/encyclopedia/AbsoluteValtralh, Planetmath (modulus)
(http://planetmath.org/encyclopedia/ModulusOfComplember.html), Mathworld (absolute value)
(http://mathworld.wolfram.com/AbsoluteValue.html)Mathworld (complex modulus)
(http://mathworld.wolfram.com/ComplexModulus.htndy fmore information.

Chop
Chop (x)

Replace very small number with zero.

ComplexConjugate

Conpl exConj ugate (z)
Aliases:conj Conj

Calculates the complex conjugate of the complex numb#rz is a vector or matrix, all its
elements are conjugated.

See Wikipedia (http://en.wikipedia.org/wiki/Complexrjugate) for more information.

Denominator

Denoni nat or (x)
Get the denominator of a rational number.

See Wikipedia (http://en.wikipedia.org/wiki/Denomiagtfor more information.
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FractionalPart

Fracti onal Part (x)

Return the fractional part of a number.

See Wikipedia (http://en.wikipedia.org/wiki/Fractidnpart) for more information.

Im(2z)

Aliases:l magi nar yPart

Get the imaginary part of a complex number.

See Wikipedia (http://en.wikipedia.org/wiki/Imaginapart) for more information.

IntegerQuotient

I nt eger Quotient (mn)

Division without remainder.

IsComplex

I sConpl ex (num

Check if argument is a complex (non-real) number.

IsComplexRational
I sConpl exRat i onal (num

Check if argument is a possibly complex rational number.

IsFloat
I sFl oat (num

Check if argument is a floating point number (non-complex).
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IsGausslinteger

I sGaussl nteger (num

Aliases:l sConpl ex| nt eger

Check if argument is a possibly complex integer.

Isinteger

I sl nteger (num

Check if argument is an integer (non-complex).

IsNonNegativelnteger

I sNonNegat i vel nt eger (num

Check if argument is a non-negative real integer.

IsPositivelnteger

I sPosi tivel nteger (num

Aliases:l sNat ur al Nunber

Check if argument is a positive real integer. Note that weeptthe convention that 0 is not a
natural number.

IsRational
I sRational (num

Check if argument is a rational number (non-complex).

IsReal
I sReal (num

Check if argument is a real number.
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Numerator

Nurer at or  ( x)

Get the numerator of a rational number.

See Wikipedia (http://en.wikipedia.org/wiki/Numergtéor more information.

Re
Re (2)

Aliases:Real Part

Get the real part of a complex number.

See Wikipedia (http://en.wikipedia.org/wiki/Real_pddr more information.

Sign
Sign (x)

Aliases:si gn

Return the sign of a number. That is retusnisif value is negativeQ if value is zero and if value
is positive. Ifx is a complex value thegi gn returns the direction or 0.

ceil

ceil (x)

Aliases:Cei | i ng

Get the lowest integer more than or equal to n.

exp

exp (x)

The exponential function. This is the functiefix wheree is thebase of the natural logarithm
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See Wikipedia (http://en.wikipedia.org/wiki/Exponaitifunction) or Planetmath
(http://planetmath.org/encyclopedia/LogarithmFumatihtml) or Mathworld
(http://mathworld.wolfram.com/ExponentialFunctiotmit) for more information.

float

float (x)

Make number a floating point value. That is returns the flagpioint representation of the number
X.

floor

floor (x)

Aliases:Fl oor

Get the highest integer less than or equal.to

In

I'n (x)

The natural logarithm, the logarithm to base
log

log (x)

log (x,Db)

Logarithm ofx baseb (callsDi scr et eLog if in modulo mode), if base is not givea,is used.
log10

1 0g10 (x)

Logarithm ofx base 10.
log2

1 og2 (x)

Aliases:l g
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Logarithm ofx base 2.

max

max (a,args...)
Aliases:Max Maxi num

Returns the maximum of arguments or matrix.

min

mn (a,args...)
Aliases:M n M ni num

Returns the minimum of arguments or matrix.

rand

rand (size...)

Generate random float in the rang® 1) . If size is given then a matrix (if two numbers are
specified) or vector (if one number is specified) of the giviea seturned.

randint

randi nt (mex, size...)

Generate random integer in the rari@e max) . If size is given then a matrix (if two numbers are
specified) or vector (if one number is specified) of the giviea seturned. For example

geni us> randi nt (4)
=3
geni us> randint (4, 2)

[0 1]

geni us> randint (4, 2,3)
[2 2 1

0 0 3]
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round

round (x)
Aliases:Round

Round a number.

sqrt
sqrt (x)

Aliases:Squar eRoot

The square root. When operating modulo some integer wilknetither anul | or a vector of the
square roots. Examples:

geni us> sqrt(2)

= 1.41421356237
genius> sqgrt(-1)

= 1i

genius> sqgrt(4) nmod 7

[2 5]
genius> 2+x2 nod 7
=4

See Planetmath (http://planetmath.org/encyclopedia®dRoot.html) for more information.

trunc

trunc (x)
Aliases:Truncat e | nt eger Part

Truncate number to an integer (return the integer part).

11.6. Trigonometry

acos

acos (x)
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Aliases:ar ccos

The arccos (inverse cos) function.

acosh

acosh (x)

Aliases:ar ccosh

The arccosh (inverse cosh) function.

acot

acot (x)

Aliases:ar ccot

The arccot (inverse cot) function.

acoth

acot h (x)

Aliases:ar ccot h

The arccoth (inverse coth) function.

acsc

acsc (x)

Aliases:ar ccsc

The inverse cosecant function.

acsch

acsch (x)

Aliases:ar ccsch

Chapter 11. List of GEL functions

63



The inverse hyperbolic cosecant function.

asec

asec (x)

Aliases:ar csec

The inverse secant function.

asech

asech (x)

Aliases:ar csech

The inverse hyperbolic secant function.

asin

asin (x)

Aliases:ar csin

The arcsin (inverse sin) function.

asinh

asi nh (x)

Aliases:ar csi nh

The arcsinh (inverse sinh) function.

atan

atan (x)

Aliases:ar ct an

Calculates the arctan (inverse tan) function.

Chapter 11. List of GEL functions
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See Wikipedia (http://en.wikipedia.org/wiki/Arctandpar Mathworld
(http://mathworld.wolfram.com/Inverse Tangent.htnol) nore information.

atanh

at anh (x)

Aliases:ar ct anh

The arctanh (inverse tanh) function.

atan2

atan2 (y, x)

Aliases:ar ct an2

Calculates the arctan2 functionx$0 then it returnsat an(y/ x) . If x<0 then it returnsi gn(y)
* (pi - atan(|y/x|).Whenx=0itreturnssi gn(y) * pi/2.atan2(0, 0) returns O rather
then failing.

See Wikipedia (http://en.wikipedia.org/wiki/Atan2) ordthworld
(http://mathworld.wolfram.com/Inverse Tangent.htnol) nore information.

Ccos

cos (x)

Calculates the cosine function.

See Planetmath (http://planetmath.org/encyclopediai@iensinTrigonometry.html) for more
information.

cosh

cosh (x)

Calculates the hyperbolic cosine function.

See Planetmath (http://planetmath.org/encyclopedigéiyolicFunctions.html) for more
information.

65



Chapter 11. List of GEL functions

cot

cot (x)

The cotangent function.

See Planetmath (http://planetmath.org/encyclopedfa@iensinTrigonometry.html) for more
information.

coth
coth (x)

The hyperbolic cotangent function.

See Planetmath (http://planetmath.org/encyclopedigéiyolicFunctions.html) for more
information.

CSC

csc (x)

The cosecant function.

See Planetmath (http://planetmath.org/encyclopedfa@iensinTrigonometry.html) for more
information.

csch

csch (x)

The hyperbolic cosecant function.

See Planetmath (http://planetmath.org/encyclopedigéiyolicFunctions.html) for more
information.

sec

sec (Xx)

The secant function.
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See Planetmath (http://planetmath.org/encyclopediai@iensinTrigonometry.html) for more
information.

sech

sin

sinh

tan

tanh

sech (x)

The hyperbolic secant function.

See Planetmath (http://planetmath.org/encyclopediaéiyolicFunctions.html) for more

information.

sin (x)

Calculates the sine function.

See Planetmath (http://planetmath.org/encyclopediai@iensinTrigonometry.html) for more

information.

sinh (x)

Calculates the hyperbolic sine function.

See Planetmath (http://planetmath.org/encyclopediaéiyolicFunctions.html) for more

information.

tan (x)

Calculates the tan function.

See Planetmath (http://planetmath.org/encyclopedia@iensinTrigonometry.html) for more

information.

tanh (x)
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The hyperbolic tangent function.

See Planetmath (http://planetmath.org/encyclopedigéiyolicFunctions.html) for more
information.

11.7. Number Theory

AreRelativelyPrime

AreRel ativel yPrime (a,b)
Are the real integers andb relatively prime? Returnisr ue orf al se.

See Planetmath (http://planetmath.org/encyclopediatiRelyPrime.html) or Mathworld
(http://mathworld.wolfram.com/RelativelyPrime.htrfdy more information.

BernoulliNumber
Ber noul I i Nunber (' n)

Return thenth Bernoulli number.

See Wikipedia (http://en.wikipedia.org/wiki/Bernouliumber) or Mathworld
(http://mathworld.wolfram.com/BernoulliNumber.htrfidy more information.

ChineseRemainder

Chi neseRenai nder (a, m

Aliases:CRT

Find thex that solves the system given by the vee@@nd modulo the elements of using the
Chinese Remainder Theorem.

See Wikipedia (http://en.wikipedia.org/wiki/Chinesenrainder_theorem) or Planetmath
(http://planetmath.org/encyclopedia/ChineseRemairtteorem.html) or Mathworld
(http://mathworld.wolfram.com/ChineseRemainderTleeahtml) for more information.
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CombineFactorizations

Conbi neFactori zations (a,b)
Given two factorizations, give the factorization of the guat.

SeeFactorize

ConvertFromBase
Convert FronBase (v, b)

Convert a vector of values indicating powers of b to a number.

ConvertToBase
Convert ToBase (n,b)

Convert a number to a vector of powers for elements in base

DiscretelLog

Di screteLog (n, b, q)

Find discrete log oh baseb in Fq, the finite field of order), whereq is a prime, using the
Silver-Pohlig-Hellman algoritm.

See Wikipedia (http://en.wikipedia.org/wiki/Discretegarithm) or Planetmath
(http://planetmath.org/encyclopedia/DiscreteLodpmmnithtml) or Mathworld
(http://mathworld.wolfram.com/DiscreteLogarithm.H}fior more information.

Divides

Di vides (mn)

Checks divisibility (ifmdividesn).

EulerPhi
Eul er Phi (n)

Compute the Euler phi function faer, that is the number of integers between 1 andlatively
prime ton.
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See Wikipedia (http://en.wikipedia.org/wiki/Euler_pbr Planetmath
(http://planetmath.org/encyclopedia/EulerPhifunctidml) or Mathworld
(http://mathworld.wolfram.com/TotientFunction.htrfdy more information.

ExactDivision
Exact Di vi si on (n, d)

Returnn/ d but only if d dividesn. If d does not dividen then this function returns garbage. This is
a lot faster for very large numbers than the operatiod, but of course only useful if you know that
the division is exact.

Factorize

Factorize (n)

Return factorization of a number as a matrix. The first rovhésgrimes in the factorization
(including 1) and the second row are the powers. So for exampl

geni us> Factorize(11x11%13)

[1 11 13
1 2 1]

See Wikipedia (http://en.wikipedia.org/wiki/Factoriian) for more information.

Factors

Factors (n)

Return all factors oh in a vector. This includes all the non-prime factors as weihcludes 1 and
the number itself. So for example to print all the perfect bens (those that are sums of their
factors) up to the number 1000 you could do (this is of couesy inefficent)

for n=1 to 1000 do (
if MatrixSum (Factors(n)) == 2+n then
print(n)

FermatFactorization

Fermat Factori zation (n,tries)

Attempt fermat factorization af into (t - s) *(t +s) , returnst ands as a vector if possible, null
otherwiset ri es specifies the number of tries before giving up.
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This is a fairly good factorization if your number is the puoetlof two factors that are very close to
each other.

See Wikipedia (http://en.wikipedia.org/wiki/Fermatctiarization) for more information.

FindPrimitiveElementMod
Fi ndPrimtiveEl emrent Mod (q)

Find the first primitive element ianthe finite group of ordey. Of courseq must be a prime.

FindRandomPrimitiveElementMod
Fi ndRandonPrimiti veEl ement Mod ( Q)

Find a random primitive element ir!q,Fthe finite group of ordey (q must be a prime).

IndexCalculus
I ndexCal culus (n, b, q,S)

Compute discrete log baseof n in Fq, the finite group of ordey (g a prime), using the factor base
S. Sshould be a column of primes possibly with second columngicetated by
I ndexCal cul usPrecal cul ati on.

IndexCalculusPrecalculation

I ndexCal cul usPrecal cul ation (b, q,S)

Run the precalculation step bfidexCal cul us for logarithms base in Fq, the finite group of
orderq (q a prime), for the factor base(whereS is a column vector of primes). The logs will be
precalculated and returned in the second column.

IsEven

I sEven (n)

Tests if an integer is even.

IsMersennePrimeExponent

| sMer sennePri neExponent (p)
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Tests if a positive integgr is a Mersenne prime exponent. That is#His a prime. It does this by
looking it up in a table of known values which is relativelyosh See also
MersennePrimeExponerdgadLucasLehmer

See Wikipedia (http://en.wikipedia.org/wiki/Mersenpeme), Planetmath
(http://planetmath.org/encyclopedia/MersenneNumhgrs), Mathworld
(http://mathworld.wolfram.com/MersennePrime.htmI@AMPS (http://www.mersenne.org/) for
more information.

IsNthPower
I sNt hPower (m n)

Tests if a rational numbenis a perfechth power. See alstsPerfectPoweandlsPerfectSquare

IsOdd
IsCdd (n)

Tests if an integer is odd.

IsPerfectPower

| sPer f ect Power (n)

Check an integer is any perfect powet, a

IsPerfectSquare

| sPerfect Square (n)

Check an integer for being a perfect square of an integerntinger must be a real integer.
Negative integers are of course never perfect squareslahtegers.

IsPrime

IsPrime (n)

Tests primality of integers, for numbers less than 2.5e&@tiswer is deterministic (if Riemann
hypothesis is true). For numbers larger, the probabilits &flse positive depends on

I sPri meM | | er Rabi nReps. That is the probability of false positive is 1/4 to the power

I sPri meM | | er Rabi nReps. The default value of 22 yields a probability of about 5.7e-1
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If f al se is returned, you can be sure that the number is a composjteulivant to be absolutely

sure that you have a prime you can udd | er Rabi nTest Sur e but it may take a lot longer.

See Planetmath (http://planetmath.org/encyclopedm@Mumber.html) or Mathworld
(http://mathworld.wolfram.com/PrimeNumber.html) foone information.

IsPrimitiveMod
IsPrinitiveMod (g, q)

Check ifg is primitive in Fq, the finite group of ordey, whereq is a prime. Ifg is not prime results

are bogus.

IsPrimitiveModWithPrimeFactors
IsPrimtiveModWthPrineFactors (g,q,f)

Check ifg is primitive in Fq, the finite group of ordeq, whereq is a prime and is a vector of
prime factors ofy-1. If g is not prime results are bogus.

IsPseudoprime

| sPseudoprine (n,Db)

If nis a pseudoprime bagebut not a prime, thatis if*(n-1) == 1 nod n. This calles the
Pseudopri neTest

IsStrongPseudoprime
| sStrongPseudoprine (n,b)

Test ifn is a strong pseudoprime to baséut not a prime.

Jacobi
Jacobi (a,b)

Aliases:Jacobi Synbol

Calculate the Jacobi symbol (a/b) (b should be odd).
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JacobiKronecker

Jacobi Kronecker (a,b)
Aliases:Jacobi Kr onecker Synbol

Calculate the Jacobi symbol (a/b) with the Kronecker exten&/2)=(2/a) when a odd, or (a/2)=0
when a even.

LeastAbsoluteResidue

Least Absol ut eResi due (a, n)

Return the residue af modn with the least absolute value (in the interval -n/2 to n/2).

Legendre

Legendre (a,p)
Aliases:Legendr eSynbol
Calculate the Legendre symbol (a/p).

See Planetmath (http://planetmath.org/encyclopedgghdre Symbol.html) or Mathworld
(http://mathworld.wolfram.com/LegendreSymbol.htnal) more information.

LucasLehmer

LucasLehner (p)

Test if 2-1 is a Mersenne prime using the Lucas-Lehmer test. SedvidssennePrimeExponents
andlsMersennePrimeExponent

See Wikipedia (http://en.wikipedia.org/wiki/Lucas%E20893Lehmer_primality test) or
Planetmath (http://planetmath.org/encyclopedia/Lubamer.html) or Mathworld
(http://mathworld.wolfram.com/Lucas-LehmerTest.Htfat more information.

LucasNumber
LucasNunber (n)

Returns thenth Lucas number.
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See Wikipedia (http://en.wikipedia.org/wiki/Lucas_nioen) or Planetmath
(http://planetmath.org/encyclopedia/LucasNumbenslar Mathworld
(http://mathworld.wolfram.com/LucasNumber.html) foore information.

MaximalPrimePowerFactors

Maxi mal Pri nePower Fact ors (n)

Return all maximal prime power factors of a number.

MersennePrimeExponents

Mer sennePr i neExponent s

A vector of known Mersenne prime exponents, that is a listasitive integerg such that 21 is a
prime. See alstsMersennePrimeExponesmdLucasLehmer

See Wikipedia (http://en.wikipedia.org/wiki/Mersenpeme), Planetmath
(http://planetmath.org/encyclopedia/MersenneNumhgrs), Mathworld

(http://mathworld.wolfram.com/MersennePrime.htmI@AMPS (http://www.mersenne.org/) for
more information.

MillerRabinTest
M 1| er Rabi nTest (n,reps)

Use the Miller-Rabin primality test om, r eps number of times. The probability of false positive is

(1/4) ~reps. Itis probably usually better to usesPr i me since that is faster and better on smaller
integers.

See Wikipedia (http://en.wikipedia.org/wiki/Miller%E280%93Rabin_primality test) or
Planetmath (http://planetmath.org/encyclopedia/MRigbinPrimeTest.html) or Mathworld
(http://mathworld.wolfram.com/Rabin-MillerStrongRs®primeTest.html) for more information.

MillerRabinTestSure
M | | er Rabi nTest Sure (n)

Use the Miller-Rabin primality test om with enough bases that assuming the Generalized Reimann
Hypothesis the result is deterministic.

75



Chapter 11. List of GEL functions

See Wikipedia (http://en.wikipedia.org/wiki/Miller%E280%93Rabin_primality test) or
Planetmath (http://planetmath.org/encyclopedia/MitigbinPrimeTest.html) or Mathworld
(http://mathworld.wolfram.com/Rabin-MillerStrongRsmprimeTest.html) for more information.

ModInvert
Modl nvert (n, m

Returns inverse of n mod m.

See Mathworld (http://mathworld.wolfram.com/Modularémse.html) for more information.

MoebiusMu
Moebi usMu (n)

Return the Moebius mu function evaluatechinThat is, it returns 0 ifi is not a product of distinct
primes and - 1) ~k if it is a product ofk distinct primes.

See Planetmath (http://planetmath.org/encyclopedieBsFunction.html) or Mathworld
(http://mathworld.wolfram.com/MoebiusFunction.htrd) more information.

NextPrime
Next Prinme (n)

Returns the least prime greater tharNegatives of primes are considered prime and so to get the
previous prime you can usé\ext Pri me(-n).

This function uses the GMPigpz_next pri ne which in turn uses the probabilistic Miller-Rabin
test (See alsMillerRabinTes}. The probability of false positive is not tunable, but is7lenough
for all practical purposes.

See Planetmath (http://planetmath.org/encyclopedmMumber.html) or Mathworld
(http://mathworld.wolfram.com/PrimeNumber.html) foone information.

PadicValuation

Padi cVal uation (n, p)

Returns the padic valuation (number of trailing zeros irelpgs
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See Planetmath (http://planetmath.org/encycloped@ifRaluation.html) for more information.

PowerMod
Power Mod (a, b, m

Computeab nmod m Theb’s power ofa modulom It is not neccessary to use this function as it is
automatically used in modulo mode. Hereéh nod mis just as fast.

Prime

Prine (n)

Aliases:pri me

Return thenth prime (up to a limit).

See Planetmath (http://planetmath.org/encyclopedm&Mumber.html) or Mathworld
(http://mathworld.wolfram.com/PrimeNumber.html) foone information.

PrimeFactors

PrineFactors (n)

Return all prime factors of a number as a vector.

See Mathworld (http://mathworld.wolfram.com/Primefkaditml) for more information.

PseudoprimeTest

Pseudopri meTest (n,b)

Pseudoprime test, returns true if and onlgt{(n-1) == 1 nod n

See Planetmath (http://planetmath.org/encyclopedaiRsprime.html) or Mathworld
(http://mathworld.wolfram.com/Pseudoprime.html) fooma information.

RemoveFactor

RermoveFact or (n, m
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Removes all instances of the factofrom the numben. That is divides by the largest powermf
that divides.

See Planetmath (http://planetmath.org/encyclopediegbility. html) or Mathworld
(http://mathworld.wolfram.com/Factor.html) for mordanmation.

SilverPohligHellmanWithFactorization

Si | ver Pohl i gHel | manW t hFactori zation (n, b, q,f)

Find discrete log oh baseb in Fq, the finite group of ordeq, whereq is a prime using the
Silver-Pohlig-Hellman algoritm, giveh being the factorization af-1.

SqgrtModPrime
Sqrt ModPrine (n,p)

Find square root ai modulop (wherep is a prime). Null is returned if not a quadratic residue.

See Planetmath (http://planetmath.org/encyclopedizd€aiicResidue.html) or Mathworld
(http://mathworld.wolfram.com/QuadraticResidue.htfat more information.

StrongPseudoprimeTest

St rongPseudopri meTest (n,b)
Run the strong pseudoprime test basenn.

See Planetmath (http://planetmath.org/encyclopedi@ig§Pseudoprime.html) or Mathworld
(http://mathworld.wolfram.com/StrongPseudoprime Ihfor more information.

gcd
gcd (a,args...)

Aliases:GCD

Greatest common divisor of integers. You can enter as madagéns in the argument list, or you
can give a vector or a matrix of integers. If you give more thaa matrix of the same size then
GCD is done element by element.
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See Planetmath (http://planetmath.org/encyclopedéedtéstCommonDivisor.html) or Mathworld
(http://mathworld.wolfram.com/GreatestCommonDiviktml) for more information.

lcm

lcm (a,args...)
Aliases:LCM

Least common multiplier of integers. You can enter as matggiers in the argument list, or you
can give a vector or a matrix of integers. If you give more thaa matrix of the same size then
LCM is done element by element.

See Planetmath (http://planetmath.org/encyclopedésiCGmmonMultiple.html) or Mathworld
(http://mathworld.wolfram.com/LeastCommonMultiplertt) for more information.

11.8. Matrix Manipulation

ApplyOverMatrix
Appl yOver Matri x (a, func)

Apply a function over all entries of a matrix and return a rxatf the results.

ApplyOverMatrix2
Appl yOver Matri x2 (a, b, func)

Apply a function over all entries of 2 matrices (or 1 value dmdatrix) and return a matrix of the
results.

ColumnsOf
Col umsOF (M

Gets the columns of a matrix as a horizontal vector.

ComplementSubmatrix

Conpl enent Submatrix (mr, c)
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Remove column(s) and row(s) from a matrix.

CompoundMatrix
ConpoundMat ri x (k, A)

Calculate the kth compund matrix of A.

CountZeroColumns
Count Zer oCol ums (M

Count the number of zero columns in a matrix. For example @ooecolumn reduce a matrix you
can use this to find the nullity. Seeef andNul lity.

DeleteColumn
Del et eCol um (M col)

Delete a column of a matrix.

DeleteRow
Del et eRow (M r ow)

Delete a row of a matrix.

DiagonalOf
Di agonal O (M

Gets the diagonal entries of a matrix as a column vector.

See Wikipedia (http://en.wikipedia.org/wiki/Diagonaf_a_matrix#Matrices) for more
information.

DotProduct
Dot Product (u, V)

Get the dot product of two vectors. The vectors must be ofdingessize. No conjugates are taken so
this is a bilinear form even if working over the complex nunthe
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See Planetmath (http://planetmath.org/encyclopedi®&idoluct.html) for more information.

ExpandMatrix
ExpandMatrix (M

Expands a matrix just like we do on unquoted matrix input.ti®iave expand any internal matrices
as blocks. This is a way to construct matrices out of smatlessand this is normally done
automatically on input unless the matrix is quoted.

HermitianProduct

Herm ti anProduct (u, V)
Aliases:l nner Pr oduct

Get the hermitian product of two vectors. The vectors musiftire same size. This is a
sesquilinear form using the identity matrix.

See Mathworld (http://mathworld.wolfram.com/HermitianerProduct.html) for more information.

I (n)
Aliases:eye
Return an identity matrix of a given size, thahiby n. If n is zero, returns null.

See Planetmath (http://planetmath.org/encyclopediatityMatrix.html) for more information.

IndexComplement

I ndexConpl enent (vec, nsi ze)

Return the index complement of a vector of indexes. Evengtis one based. For example for
vector[ 2, 3] and siz&, we return 1, 4, 5] . If nsi ze is 0, we always return null.

IsDiagonal
I sDi agonal (M
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Is a matrix diagonal.

See Wikipedia (http://en.wikipedia.org/wiki/Diagonaiatrix) or Planetmath
(http://planetmath.org/encyclopedia/DiagonalMatrirl) for more information.

Isldentity
Isldentity (x)

Check if a matrix is the identity matrix. Automatically retsf al se if the matrix is not square.
Also works on numbers, in which case it is equivalentta1. Whenx is nul | (we could think of
that as a 0 by 0 matrix), no error is generated faaldse is returned.

IsLowerTriangular

I sLower Tri angul ar (M

Is a matrix lower triangular. That is, are all the entriesolethe diagonal zero.

IsMatrixInteger
IsMatrixl nteger (M

Check if a matrix is a matrix of an integers (non-complex).

IsMatrixNonnegative
I sMat ri xNonnegative (M

Check if a matrix is nonnegative, that is if each element isnagative. Do not confuse positive
matrices with positive semi-definite matrices.

See Wikipedia (http://en.wikipedia.org/wiki/Positiveatrix) for more information.

IsMatrixPositive
IsMatri xPositive (M

Check if a matrix is positive, that is if each element is gesifand hence real). In particular, no
elementis 0. Do not confuse positive matrices with positieénite matrices.

See Wikipedia (http://en.wikipedia.org/wiki/Positiveatrix) for more information.
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IsMatrixRational
IsMatri xRational (M

Check if a matrix is a matrix of rational (non-complex) nurrge

IsMatrixReal
IshvatrixReal (M

Check if a matrix is a matrix of real (non-complex) numbers.

IsMatrixSquare
IshMatri xSquare (M

Check if a matrix is square, that is its width is equal to itgghe

IsUpperTriangular
I sUpper Tri angul ar (M

Is a matrix upper triangular? That is, a matrix is upper gidar if all all the entries below the
diagonal are zero.

IsValueOnly
IsVal ueOnly (M

Check if a matrix is a matrix of numbers only. Many internaiétions make this check. Values can
be any number including complex numbers.

IsVector

I sVector (v)

Is argument a horizontal or a vertical vector. Genius doéslistinguish between a matrix and a
vector and a vector is just a 1 layor n by 1 matrix.

IsZero

I sZero (x)
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Check if a matrix is composed of all zeros. Also works on nurapi@ which case it is equivalent to
x==0. Whenx isnul | (we could think of that as a 0 by 0 matrix), no error is genetatedt r ue is
returned as the condition is vacuous.

LowerTriangular

Lower Tri angul ar (M

Returns a copy of the matriMwith all the entries above the diagonal set to zero.

MakeDiagonal

MakeDi agonal (v,arg...)
Aliases:di ag
Make diagonal matrix from a vector.

See Wikipedia (http://en.wikipedia.org/wiki/Diagonaiatrix) or Planetmath
(http://planetmath.org/encyclopedia/DiagonalMatriral) for more information.

MakeVector
MakeVect or (A)

Make column vector out of matrix by putting columns aboveeather. Returns null when given
null.

MatrixProduct
Mat ri xProduct (A)

Calculate the product of all elements in a matrix or vectbaflis we multiply all the elements and
return a number that is the product of all the elements.

MatrixSum
Mat ri xSum ( A)

Calculate the sum of all elements in a matrix or vecgtor. Thate add all the elements and return a
number that is the sum of all the elements.
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MatrixSumSquares
Mat ri xSunSquar es (A)

Calculate the sum of squares of all elements in a matrix diovec

OuterProduct
Qut er Product (u, V)

Get the outer product of two vectors. That is, supposeulzatdyv are vertical vectors, then the
outer productis * u.’.

ReverseVector

Rever seVect or (V)

Reverse elements in a vector.

RowSum
RowSum (m

Calculate sum of each row in a matrix and return a verticaloramith the result.

RowSumSquares
RowSunSquares (m

Calculate sum of squares of each row in a matrix.

RowsOf
RowsOf (M

Gets the rows of a matrix as a vertical vector. Each elemetiteofector is a horizontal vector
which is the corresponding row &f This function is useful if you wish to loop over the rows of a
matrix. For example, aisor r in RowsOf (M do somet hing(r).

SetMatrixSize

Set Matri xSi ze (M rows, col ums)
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Make new matrix of given size from old one. That is, a new matiill be returned to which the old
one is copied. Entries that don’t fit are clipped and extraspsfilled with zeros. if ows or
col umms are zero then null is returned.

SortVector
Sort Vector (v)

Sort vector elements in an increasing order.

StripZeroColumns
StripZeroCol ums (M

Removes any all-zero columns rdf

StripZeroRows
Stri pZeroRows (M

Removes any all-zero rows of

Submatrix

Submatrix (mr,c)

Return column(s) and row(s) from a matrix. This is just eglént tom@r , c) . r andc should be
vectors of rows and columns (or single numbers if only one@owolumn is needed).

SwapRows

SwapRows (m rowl, r ow2)

Swap two rows in a matrix.

UpperTriangular
Upper Tri angul ar (M

Returns a copy of the matriMwith all the entries below the diagonal set to zero.
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columns

colums (M

Get the number of columns of a matrix.

elements

el enents (M

Get the total number of elements of a matrix. This is the nurobeolumns times the number of
rows.

ones

ones (rows, colums...)

Make an matrix of all ones (or a row vector if only one argumismgfiven). Returns null if either
rows or columns are zero.

rows

rows (M

Get the number of rows of a matrix.

Zeros

zeros (rows, columms...)

Make a matrix of all zeros (or a row vector if only one argumsrgiven). Returns null if either
rows or columns are zero.

11.9. Linear Algebra

AuxilliaryUnitMatrix
AuxilliaryUnitMatrix (n)

Get the auxilliary unit matrix of size. This is a square matrix matrix with that is all zero except th
superdiagonal being all ones. It is the Jordan block mafrone zero eigenvalue.
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See Planetmath (http://planetmath.org/encyclopediddiiCanonicalFormTheorem.html) or
Mathworld (http://mathworld.wolfram.com/JordanBlolktnl) for more information on Jordan
Cannonical Form.

BilinearForm
Bi | i near Form (v, A, w)

Evaluate (v,w) with respect to the bilinear form given by thatrix A.

BilinearFormFunction
Bi | i near For nFuncti on (A)

Return a function that evaluates two vectors with respetttadilinear form given by A.

CharacteristicPolynomial

CharacteristicPol ynom al (M

Aliases:Char Pol y

Get the characteristic polynomial as a vector. That isynettee coefficients of the polynomial
starting with the constant term. This is the polynomial dedibydet ( M x1) . The roots of this
polynomial are the eigenvaluesidfSee als@haracteristicPolynomialFunction

See Planetmath (http://planetmath.org/encyclopede&titeristicEquation.html) for more
information.

CharacteristicPolynomialFunction

CharacteristicPol ynonm al Function (M

Get the characteristic polynomial as a function. This isgblnomial defined bylet (M x1) . The
roots of this polynomial are the eigenvalueswBee alscCharacteristicPolynomial

See Planetmath (http://planetmath.org/encyclopedediteristicEquation.html) for more
information.

ColumnSpace
Col utmSpace (M
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Get a basis matrix for the columnspace of a matrix. That taynea matrix whose columns are the
basis for the column space ®if That is the space spanned by the columnd of

CommutationMatrix

Commut ationMatrix (m n)

Return the commutation matrix K(m,n) which is the unique ro§rm*n matrix such that K(m,n) *
MakeVector(A) = MakeVector(A.) for all m by n matrices A.

CompanionMatrix

Conpani onMatri x (p)

Companion matrix of a polynomial (as vector).

ConjugateTranspose

Conj ugat eTr anspose (M

Conjugate transpose of a matrix (adjoint). This is the sasrt@e operator.

See Planetmath (http://planetmath.org/encyclopedigl@ateTranspose.html) for more
information.

Convolution

Convol ution (a,b)

Aliases:convol

Calculate convolution of two horizontal vectors.

ConvolutionVector

Convol utionVector (a,b)

Calculate convolution of two horizontal vectors. Retursuleas a vector and not added together.

CrossProduct
CrossProduct (v, w)
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CrossProduct of two vectors ifR

DeterminantalDivisorsinteger

Det er mi nant al Di vi sor sl nteger (M

Get the determinantal divisors of an integer matrix (notftaracteristic).

DirectSum
DirectSum (MN...)

Direct sum of matrices.

DirectSumMatrix\Vector
Di rect Sumvat ri xVect or (V)

Direct sum of a vector of matrices.

Eigenvalues

Ei genval ues (M

Aliases:ei g

Get the eigenvalues of a square matrix. Currently only wéoksnatrices of size up to 4 by 4, or for
triangular matrices (for which the eigenvalues are on thgainal).

See Wikipedia (http://en.wikipedia.org/wiki/Eigenvaejwr Planetmath
(http://planetmath.org/encyclopedia/Eigenvalue.htmMathworld
(http://mathworld.wolfram.com/Eigenvalue.html) for nednformation.

Eigenvectors
Ei genvectors (M
Ei genvectors (M &ei genval ues)

Ei genvectors (M &eigenvalues, &ultiplicities)

Get the eigenvectors of a square matrix. Optionally getthis@igenvalues and their algebraic
multiplicities. Currently only works for matrices of siz@ to 2 by 2.
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See Wikipedia (http://en.wikipedia.org/wiki/Eigenvegtor Planetmath
(http://planetmath.org/encyclopedia/EigenvectorihomMathworld
(http://mathworld.wolfram.com/Eigenvector.html) folone information.

GramSchmidt
GranSchm dt (v, B...)

Apply the Gram-Schmidt process (to the columns) with resfmeininer product given bg. If B is
not given then the standard hermitian product is uBezan either be a sesquilinear function of two

arguments or it can be a matrix giving a sesquilinear forne \iéctors will be made orthonormal
with respect ta.

See Planetmath (http://planetmath.org/encyclopedar&chmidtOrthogonalization.html) for more
information.

HankelMatrix
Hankel Matrix (c,r)

Hankel matrix.

HilbertMatrix
Hi | bert Matrix (n)

Hilbert matrix of ordem.
See Planetmath (http://planetmath.org/encyclopediaéitMatrix.html) for more information.

Image

I mage (T)
Get the image (columnspace) of a linear transform.

InfNorm
I nf Norm (v)

Get the Inf Norm of a vector, sometimes called the sup norrh@ntax norm.
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InvariantFactorsinteger

I nvari ant Fact or sl nteger (M

Get the invariant factors of a square integer matrix (nathigracteristic).

InverseHilbertMatrix

InverseHi | bertMatrix (n)

Inverse Hilbert matrix of order.

See Planetmath (http://planetmath.org/encyclopediagitMatrix.html) for more information.

IsHermitian
IsHermtian (M

Is a matrix hermitian. That is, is it equal to its conjugasspose.

See Planetmath (http://planetmath.org/encyclopediafifi@nMatrix.html) for more information.

IsinSubspace

| sl nSubspace (v, W

Test if a vector is in a subspace.

IsInvertible

Islnvertible (n)

Is a matrix (or number) invertible (Integer matrix is invbke iff it's invertible over the integers).

IsInvertibleField

IslnvertibleField (n)

Is a matrix (or number) invertible over a field.
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IsNormal
IsNormal (M
Is Ma normal matrix. That is, dog¢ M == M *M

See Planetmath (http://planetmath.org/encyclopediafidtMatrix.html) or Mathworld
(http://mathworld.wolfram.com/NormalMatrix.html) fonore information.

IsPositiveDefinite
IsPositiveDefinite (M

Is Ma hermitian positive definite matrix. That isHér mi t i anPr oduct ( Mv, v) is always strictly
positive for any vectov. Mmust be square and hermitian to be positive definite. Thekcnet is
performed is that every principal submatrix has a nonnegagterminant. (SedermitianProdugt

Note that some authors (for example Mathworld) do not regjiliatMbe hermitian, and then the
condition is on the real part of the inner product, but we diotake this view. If you wish to perform
this check, just check the hermitian part of the malttas follows:l sPosi ti veDefi nite( MM ).

See Planetmath (http://planetmath.org/encyclopedsiiPeDefinite.html) or Mathworld
(http://mathworld.wolfram.com/Positive DefiniteMattitml) for more information.

IsPositiveSemidefinite

I sPositiveSem definite (M

Is Ma hermitian positive semidefinite matrix. That is#r nmi t i anPr oduct ( M v, v) is always
nonnegative for any vecter. Mmust be square and hermitian to be positive semidefiniteciibek
that is performed is that every principal submatrix has anegative determinant. (See
HermitianProdugt

Note that some authors do not require tkiéie hermitian, and then the condition is on the real part
of the inner product, but we do not take this view. If you wistperform this check, just check the
hermitian part of the matrikas follows:l sPosi ti veSeni defi ni te( MM ).

See Planetmath (http://planetmath.org/encyclopedsiir@Semidefinite.html) or Mathworld
(http://mathworld.wolfram.com/Positive Semidefinitetia html) for more information.

IsSkewHermitian
| sSkewHermitian (M
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Is a matrix skew-hermitian. That is, is the conjugate trasspequal to negative of the matrix.

See Planetmath (http://planetmath.org/encyclopedeiSlermitianMatrix.html) for more
information.

IsUnitary
IsUnitary (M

Is a matrix unitary? That is, do@&s * MandM M equal the identity.

See Planetmath (http://planetmath.org/encyclopedigdtfTransformation.html) or Mathworld
(http://mathworld.wolfram.com/UnitaryMatrix.html) fanore information.

JordanBlock
JordanBl ock (n,|anbda)

Aliases:J

Get the Jordan block corresponding to the eigenviaudbda with multiplicity n.

See Planetmath (http://planetmath.org/encyclopediddiiCanonicalFormTheorem.html) or
Mathworld (http://mathworld.wolfram.com/JordanBlolktml) for more information.

Kernel
Kernel (T)

Get the kernel (nullspace) of a linear transform.

(SeeNullSpacé

LUDecomposition
LUDeconposition (A L, U

Get the LU decomposition &€ and store the result in theandU which should be references. It
returns true if successful. For example suppose that A isiaregmatrix, then after running:
geni us> LUDeconposi tion(A &L, &U)

You will have the lower matrix stored in a variable callednd the upper matrix in a variable called
u.
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This is the LU decomposition of a matrix aka Crout and/or @sky reduction. (ISBN
0-201-11577-8 pp.99-103) The upper triangular matrixfesg a diagonal of values 1 (one). This is
not Doolittle’s Method which features the 1's diagonal oa kbwer matrix.

Not all matrices have LU decompositions, for exaniple1; 1, 0] does not and this function
returnsf al se in this case and setsandU to null.

See Planetmath (http://planetmath.org/encyclopediBgtédmposition.html) or Mathworld
(http://mathworld.wolfram.com/LUDecomposition.htrfdy more information.

Minor
Mnor (Mi,j)

Get thei -j minor of a matrix.

See Planetmath (http://planetmath.org/encyclopedi@dititml) for more information.

NonPivotColumns
NonPi vot Col utms (M)

Return the columns that are not the pivot columns of a matrix.

Norm
Norm (v, p...)

Aliases:nor m

Get the p Norm (or 2 Norm if no p is supplied) of a vector.

NullSpace
Nul | Space (T)

Get the nullspace of a matrix. That is the kernel of the limeapping that the matrix represents.
This is returned as a matrix whose column space is the nelspfr.

See Planetmath (http://planetmath.org/encyclopediggphce.html) for more information.
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Nullity
Nullity (M

Aliases:nul ity

Get the nullity of a matrix. That is, return the dimensiontué hullspace; the dimension of the
kernel ofm

See Planetmath (http://planetmath.org/encyclopediétiiotml) for more information.

OrthogonalComplement

O t hogonal Conpl erent (M

Get the orthogonal complement of the columnspace.

PivotColumns
Pi vot Col ums (M

Return pivot columns of a matrix, that is columns which halesaing 1 in row reduced form. Also
returns the row where they occur.

Projection
Projection (v,WB...)

Projection of vector onto subspac@mwith respect to inner product given By If B is not given
then the standard hermitian product is ugedan either be a sesquilinear function of two arguments
or it can be a matrix giving a sesquilinear form.

QRDecomposition
QRDeconposition (A ©Q

Get the QR decomposition of a square ma#ixeturns the upper triangular matiand setto
the orthogonal (unitary) matrixQ should be a reference or null if you don’t want any return. For
example:

geni us> R = QRDeconposi tion(A &Q

You will have the upper triangular matrix stored in a vareaballedr and the orthogonal (unitary)
matrix stored imQ.
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See Planetmath (http://planetmath.org/encyclopedi&€@@mposition.html) or Mathworld
(http://mathworld.wolfram.com/QRDecomposition.htfial) more information.

RayleighQuotient
Rayl ei ghQuotient (A x)

Return the Rayleigh quotient (also called the RayleiglzRitotient or ratio) of a matrix and a
vector.

See Planetmath (http://planetmath.org/encyclopedidéRmQuotient.html) for more information.

RayleighQuotientlteration

Rayl ei ghQuotientlteration (A x,epsilon, maxiter, vecref)

Find eigenvalues of using the Rayleigh quotient iteration metheds a guess at a eigenvector and
could be random. It should have nonzero imaginary part iflithave any chance at finding
complex eigenvalues. The code will run at maeski t er iterations and return null if we cannot get
within an error ofepsi | on. vecr ef should either be null or a reference to a variable where the
eigenvector should be stored.

See Planetmath (http://planetmath.org/encyclopedidéRfmQuotient.html) for more information
on Rayleigh quotient.

Rank
Rank (M

Aliases:r ank
Get the rank of a matrix.

See Planetmath (http://planetmath.org/encyclopediegStersLaw.html) for more information.

RosserMatrix
RosserMatrix ()

Rosser matrix, a classic symmetric eigenvalue test problem
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Rotation2D
Rot ati on2D (angl e)

Aliases:Rot at i onMat ri x

Return the matrix corresponding to rotation around origif.

Rotation3DX
Rot ati on3DX (angl e)

Return the matrix corresponding to rotation around origiRi about the x-axis.

Rotation3DY
Rot ati on3DY (angl e)

Return the matrix corresponding to rotation around origifi about the y-axis.

Rotation3DZ
Rot ati on3DZ (angl e)

Return the matrix corresponding to rotation around origii about the z-axis.

RowSpace
RowSpace (M

Get a basis matrix for the rowspace of a matrix.

SesquilinearForm

Sesqui | i nearForm (v, A, w)

Evaluate (v,w) with respect to the sesquilinear form giveihe matrix A.

SesquilinearFormFunction

Sesqui | i near For nFuncti on (A)

Return a function that evaluates two vectors with respetttésesquilinear form given by A.
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SmithNormalFormField

Smi t hNor mal FornFi el d (A)

Smith Normal Form for fields (will end up with 1’s on the diagin

SmithNormalForminteger
Smi t hNor mal For m nt eger (M

Smith Normal Form for square integer matrices (not its ctiaréstic).

SolveLinearSystem

Sol veli near System (M V, args. . .)

Solve linear system Mx=V, return solution V if there is a wnécsolution, null otherwise. Extra two
reference parameters can optionally be used to get theeddd@nd V.

ToeplitzMatrix
ToeplitzMatrix (c, r...)

Return the Toeplitz matrix constructed given the first catusyand (optionally) the first row r. If
only the column c is given then it is conjugated and the nojugated version is used for the first
row to give a Hermitian matrix (if the first element is real olucse).

See Planetmath (http://planetmath.org/encyclopedéplii@aMatrix.html) for more information.

Trace
Trace (M

Aliases:trace

Calculate the trace of a matrix. That is the sum of the diabeleanents.

See Planetmath (http://planetmath.org/encyclopediafhtml) for more information.
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Transpose

Transpose (M

Transpose of a matrix. This is the same as.th@perator.

See Planetmath (http://planetmath.org/encyclopedaSpose.html) for more information.

VandermondeMatrix

Vander nondeMatri x (v)

Aliases:vander

Return the Vandermonde matrix.

VectorAngle
VectorAngle (v,w,B...)

The angle of two vectors with respect to inner product giveB.Mdf B is not given then the standard
hermitian product is use@.can either be a sesquilinear function of two arguments arithe a
matrix giving a sesquilinear form.

VectorSpaceDirectSum
Vect or SpaceDi rect Sum (M N)

The direct sum of the vector spaces M and N.

VectorSubspacelntersection

Vect or Subspacel ntersection (MN)

Intersection of the subspaces given by M and N.

VectorSubspaceSum
Vect or SubspaceSum (M N)

The sum of the vector spaces M and N, that is {w | w=m+n, m in My N}.
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adj
adj (m

Aliases:Adj ugat e

Get the classical adjoint (adjugate) of a matrix.

cref

cref (M

Aliases:CREF Col uimReducedEchel onFor m

Compute the Column Reduced Echelon Form.

det
det (M

Aliases:Det er m nant

Get the determinant of a matrix.

See Wikipedia (http://en.wikipedia.org/wiki/Determiipor Planetmath
(http://planetmath.org/encyclopedia/Determinantljhfor more information.

ref

ref (M

Aliases:REF RowEchel onFor m

Get the row echelon form of a matrix. That is, apply gaussiamiation but not backaddition til
The pivot rows are divided to make all pivots 1.

See Wikipedia (http://en.wikipedia.org/wiki/Row_ecate! form) or Planetmath
(http://planetmath.org/encyclopedia/RowEchelonFatml) for more information.

rref

rref (M
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Aliases:RREF ReducedRowEchel onFor m

Get the reduced row echelon form of a matrix. That is, applysgen elimination together with
backaddition tav

See Wikipedia (http://en.wikipedia.org/wiki/Reduceadwr echelon_form) or Planetmath
(http://planetmath.org/encyclopedia/ReducedRowExnitarm.html) for more information.

11.10. Combinatorics

Catalan
Catal an (n)

Getn’th catalan number.

See Planetmath (http://planetmath.org/encyclopedial@aNumbers.html) for more information.

Combinations
Conbi nations (k,n)

Get all combinations of k numbers from 1 to n as a vector ofarsc{See alsdlextCombinatioh

DoubleFactorial
Doubl eFactorial (n)

Double factorialn(n-2) (n-4). ..

See Planetmath (http://planetmath.org/encyclopediabiidd-actorial.html) for more information.

Factorial

Factorial (n)
Factorial:n(n-1) (n-2). ..

See Planetmath (http://planetmath.org/encyclopedi#dFial. html) for more information.
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FallingFactorial

Fal | i ngFactorial (n,k)

Falling factorial:(n) _k = n(n-1)...(n-(k-1))

See Planetmath (http://planetmath.org/encyclopediai§gactorial.html) for more information.

Fibonacci

Fi bonacci (x)

Aliases:fib

Calculatenth fibonacci number. That is the number defined recursivelyilyonacci (n) =
Fi bonacci (n-1) + Fi bonacci (n-2) andFi bonacci (1) = Fi bonacci (2) = 1.

See Wikipedia (http://en.wikipedia.org/wiki/Fibonacoumber) or Planetmath
(http://planetmath.org/encyclopedia/FibonacciSegadniml) or Mathworld
(http://mathworld.wolfram.com/FibonacciNumber.htiid) more information.

FrobeniusNumber

Fr obeni usNunber (v,arg...)

Calculate the Frobenius number. That is calculate smallesber that cannot be given as a
nonnegative integer linear combination of a given vectarainegative integers. The vector can be
given as separate numbers or a single vector. All the nungdeza should have GCD of 1.

See Mathworld (http://mathworld.wolfram.com/Frobemusnber.html) for more information.

GaloisMatrix
Gal oi sMatrix (conbining_rule)

Galois matrix given a linear combining rule (a_1*x_+...a&x_n=x_(n+1)).

GreedyAlgorithm

Fr obeni usNunber (n, v)
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Find the vector of nonnegative integers such that taking the dot produdtwis equal to n. If not
possible returns nullz should be given sorted in increasing order and should coofsi®nnegative
integers.

See Mathworld (http://mathworld.wolfram.com/Greedya&dghm.html) for more information.

HarmonicNumber
Har noni cNunber (n,r)

Aliases:Har noni cH

Harmonic Number, tha’'th harmonic number of order.

Hofstadter
Hof st adter (n)

Hofstadter’s function q(n) defined by q(1)=1, q(2)=1, g@(=qg(n-1))+q(n-q(n-2)).

LinearRecursiveSequence

Li near Recur si veSequence (seed_val ues, conbi ni ng_rul e, n)

Compute linear recursive sequence using galois stepping.

Multinomial

Mul tinom al (v,arg...)

Calculate multinomial coefficients. Takes a vectok afonnegative integers and computes the
multinomial coefficient. This corresponds to the coeffitiarthe homogeneous polynomialkn
variables with the corresponding powers.

The formula forvul ti nomi al (a, b, ¢) can be written as:

(atb+c)! / (alb!c!)
In other words, if we would have only two elements, tiht i nomi al (a, b) is the same thing as
Bi nonmi al (a+b, a) orBi nom al (atb, b).

See Planetmath (http://planetmath.org/encyclopedifiiumial Theorem.html), Mathworld
(http://mathworld.wolfram.com/MultinomialCoefficiehtml), or Wikipedia
(http://en.wikipedia.org/wiki/Multinomial_theorem)f more information.
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NextCombination
Next Combi nati on (v, n)

Get combination that would come after v in call to combinasidfirst combination should be
[ 1: k] . This function is useful if you have many combinations to lygmugh and you don’t want to
waste memory to store them all.

For example with Combination you would normally write a Idie:

for n in Conbinations (4,6) do (
SoneFunction (n)

)
But with NextCombination you would write something like:

n: =[1:4];
do (
SoneFunction (n)
) while not |sNull(n:=NextConbination(n,6));
See alscCombinations

Pascal

Pascal (i)

Get the Pascal’s triangle as a matrix. This will returri &l byi +1 lower diagonal matrix which is
the Pascal’s triangle aftériterations.

See Planetmath (http://planetmath.org/encyclopedsaétsiTriangle.html) for more information.

Permutations

Per nut ati ons (k, n)

Get all permutations df numbers from 1 tm as a vector of vectors.

See Mathworld (http://mathworld.wolfram.com/Permuwathtml) or Wikipedia
(http://en.wikipedia.org/wiki/Permutation) for mordanmation.

RisingFactorial

Ri si ngFactorial (n,Kk)

Aliases:Pochhammer
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(Pochhammer) Rising factorial: (n)_k = n(n+1)...(n+(R-1)
See Planetmath (http://planetmath.org/encyclopedagiactorial.html) for more information.

StirlingNumberFirst
StirlingNunmberFirst (n, m

Aliases:StirlingSl
Stirling number of the first kind.

See Planetmath (http://planetmath.org/encyclopedibn§iNumbersOfTheFirstKind.html) or
Mathworld (http://mathworld.wolfram.com/StirlingNuratoftheFirstKind.html) for more
information.

StirlingNumberSecond
StirlingNunber Second (n, m

Aliases:StirlingS2
Stirling number of the second kind.

See Planetmath (http://planetmath.org/encyclopedibin§iNumbersSecondKind.html) or
Mathworld (http://mathworld.wolfram.com/StirlingNuratnftheSecondKind.html) for more
information.

Subfactorial

Subfactorial (n)

Subfactorial: n! times sum_{k=1}"n (-1)"k/k!.

Triangular

Triangul ar (nth)
Calculate then’th triangular number.

See Planetmath (http://planetmath.org/encyclopedai@ularNumbers.html) for more
information.
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nCr
nCr (n,r)

Aliases:Bi noni al
Calculate combinations, that is, the binomial coefficiartan be any real number.

See Planetmath (http://planetmath.org/encyclopedzs€ html) for more information.

nPr
nPr (n,r)

Calculate the number of permutations of sizé numbers from 1 t@.

See Mathworld (http://mathworld.wolfram.com/Permuwathtml) or Wikipedia
(http://en.wikipedia.org/wiki/Permutation) for mordanmation.

11.11. Calculus

CompositeSimpsonsRule

Conposi t eSi npsonsRul e (f, a, b, n)

Integration of f by Composite Simpson’s Rule on the intefagb] with n subintervals with error of
max(f"")*h~4*(b-a)/180, note that n should be even.

See Planetmath (http://planetmath.org/encyclopedigiSonsRule.html) for more information.

CompositeSimpsonsRuleTolerance

Conposi t eSi npsonsRul eTol erance (f, a, b, FourthDeri vati veBound, Tol er ance)

Integration of f by Composite Simpson’s Rule on the intefagh] with the number of steps
calculated by the fourth derivative bound and the desirknidace.

See Planetmath (http://planetmath.org/encyclopedigiSonsRule.html) for more information.
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Derivative
Derivative (f,x0)

Attempt to calculate derivative by trying first symboliga#ind then numerically.

EvenPeriodicExtension

EvenPeri odi cExtension (f,L)

Return a function which is even periodic extensiori ofith half periodL. That is a function
defined on the intervdlo, L] extendedto be even dnL, L] and then extended to be periodic with
period2* L.

See als@ddPeriodicExtensioandPeriodicExtension

FourierSeriesFunction

Fouri er Seri esFunction (a,b, L)

Return a function which is a Fourier series with the coeffitsgiven by the vectors (sines) and
(cosines). Note that@ 1) is the constant coefficient! That is@ n) refers to the term
cos(x*(n-1)*pi/L),whileb@n) refers to the termsi n(x*n+*pi /L) . Eithera orb can be

nul | .

See Wikipedia (http://en.wikipedia.org/wiki/Fourieerges) or Mathworld
(http://mathworld.wolfram.com/FourierSeries.html) foore information.

InfiniteProduct

InfiniteProduct (func,start,inc)

Try to calculate an infinite product for a single parameteiction.

InfiniteProduct?2

InfiniteProduct2 (func,arg,start,inc)

Try to calculate an infinite product for a double parametacfion with func(arg,n).

InfiniteSum

InfiniteSum (func, start,inc)
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Try to calculate an infinite sum for a single parameter fuorcti

InfiniteSum?2

InfiniteSun2 (func,arg,start,inc)

Try to calculate an infinite sum for a double parameter furctith func(arg,n).

IsContinuous
I sConti nuous (f, x0)

Try and see if a real-valued function is continuous at x0 Wgudating the limit there.

IsDifferentiable
IsDifferentiable (f,x0)

Test for differentiability by approximating the left andyhit limits and comparing.

LeftLimit
LeftLimt (f,x0)

Calculate the left limit of a real-valued function at x0.

Limit
Limt (f,x0)

Calculate the limit of a real-valued function at x0. Triesadculate both left and right limits.

MidpointRule
M dpoi nt Rul e (f, a, b, n)

Integration by midpoint rule.

NumericalDerivative

Nurreri cal Derivative (f, x0)

Aliases:NDeri vati ve
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Attempt to calculate numerical derivative.

NumericalFourierSeriesCoefficients

Nurreri cal Fouri er Seri esCoefficients (f,L, N

Return a vector of vectofsa, b] wherea are the cosine coefficients ahdre the sine coefficients
of the Fourier series df with half-periodL (that is defined oif- L, L] and extended periodically)
with coefficients up tonth harmonic computed numerically. The coefficients are aaegbby
numerical integration usinguneri cal I nt egral .

See Wikipedia (http://en.wikipedia.org/wiki/Fourieerges) or Mathworld
(http://mathworld.wolfram.com/FourierSeries.html) foore information.

NumericalFourierSeriesFunction

Nurreri cal Fouri er Seri esFunction (f,L, N)

Return a function which is the Fourier seried afith half-periodL (that is defined ofi- L, L] and
extended periodically) with coefficients upiith harmonic computed numerically. This is the
trigonometric real series composed of sines and cosinescaéfficients are computed by
numerical integration usinguneri cal I nt egral .

See Wikipedia (http://en.wikipedia.org/wiki/Fourieerges) or Mathworld
(http://mathworld.wolfram.com/FourierSeries.html) foore information.

NumericalFourierCosineSeriesCoefficients

Nurrer i cal Fouri er Cosi neSeri esCoefficients (f,L, N)

Return a vector of coefficients of the the cosine Fourieesesif with half-periodL. That is, we
takef defined orf 0, L] take the even periodic extension and compute the Fouriesserhich

only has sine terms. The series is computed up tdthé@armonic. The coefficients are computed
by numerical integration usinguner i cal | nt egr al . Note thata@ 1) is the constant coefficient!
Thatis,a@ n) refersto the terncos(x*(n-1) *pi/L).

See Wikipedia (http://en.wikipedia.org/wiki/Fourieerges) or Mathworld
(http://mathworld.wolfram.com/FourierCosineSeri¢ésh for more information.

NumericalFourierCosineSeriesFunction

Nureri cal Fouri er Cosi neSeri esFunction (f, L, N
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Return a function which is the cosine Fourier series wfith half-periodL. That is, we také
defined orf 0, L] take the even periodic extension and compute the Fouriesserhich only has
cosine terms. The series is computed up taNtheharmonic. The coefficients are computed by
numerical integration usinguneri cal I nt egral .

See Wikipedia (http://en.wikipedia.org/wiki/Fourieerges) or Mathworld
(http://mathworld.wolfram.com/FourierCosineSeri¢ésih for more information.

NumericalFourierSineSeriesCoefficients

Nurreri cal Fouri er Si neSeri esCoefficients (f,L, N

Return a vector of coefficients of the the sine Fourier sexiéswith half-periodL. That is, we take
f defined orf 0, L] take the odd periodic extension and compute the Fouriegsexihich only has
sine terms. The series is computed up toNtieharmonic. The coefficients are computed by
numerical integration usinguneri cal I nt egral .

See Wikipedia (http://en.wikipedia.org/wiki/Fourieerges) or Mathworld
(http://mathworld.wolfram.com/FourierSineSeries.htior more information.

NumericalFourierSineSeriesFunction

Nurreri cal Fouri er Si neSeri esFunction (f,L, N

Return a function which is the sine Fourier serie$ @fith half-periodL. That is, we také defined
on[ 0, L] take the odd periodic extension and compute the Fouriezsexihich only has sine
terms. The series is computed up to Kile harmonic. The coefficients are computed by numerical
integration usingNuneri cal I ntegral .

See Wikipedia (http://en.wikipedia.org/wiki/Fourieergs) or Mathworld
(http://mathworld.wolfram.com/FourierSineSeries.htior more information.

Numericallntegral

Nureri cal I ntegral (f,a,b)

Integration by rule set in NumericallntegralFunction ofdrh a to b using NumericallntegralSteps
steps.

NumericalLeftDerivative

Nureri cal Left Derivative (f, x0)
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Attempt to calculate numerical left derivative.

NumericalLimitAtinfinity

Nurerical LimitAtInfinity (_f,step_fun,tol erance, successive_for_success, N)

Attempt to calculate the limit of f(step_fun(i)) as i goeerir 1 to N.

NumericalRightDerivative
Nurreri cal Ri ght Derivative (f, x0)

Attempt to calculate numerical right derivative.

OddPeriodicExtension
QddPeri odi cExt ension (f, L)

Return a function which is odd periodic extensiorf afith half periodL. That is a function defined
on the interval 0, L] extended to be odd dn L, L] and then extended to be periodic with period
2% L.

See alsd&venPeriodicExtensioandPeriodicExtension

OneSidedFivePointFormula
OneSi dedFi vePoi nt Fornul a (f, x0, h)

Compute one-sided derivative using five point formula.

OneSidedThreePointFormula
OneSi dedThr eePoi nt Formul a (f, x0, h)

Compute one-sided derivative using three-point formula.

PeriodicExtension

Peri odi cExtension (f, a, b)

Return a function which is the periodic extensiorf afefined on the intervdla, b] and has period
b- a.
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RightLimit
RightLinit (f,x0)

Calculate the right limit of a real-valued function at x0.

TwoSidedFivePointFormula
TwoSi dedFi vePoi nt For mul a (f, x0, h)

Compute two-sided derivative using five-point formula.

TwoSidedThreePointFormula
TwoSi dedThr eePoi nt Formul a (f, x0, h)

Compute two-sided derivative using three-point formula.

11.12. Functions

Argument

Argunent (z)
Aliases:Arg arg

argument (angle) of complex number.

DirichletKernel
DirichletKernel (n,t)

Dirichlet kernel of order n.

DiscreteDelta
Di scretebDelta (V)

Returns 1 iff all elements are zero.

Chapter 11. List of GEL functions
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ErrorFunction

Error Function (x)

Aliases:er f

The error function, 2/sqgrt(pi) * int_0"x e (-t"2) dt.

See Planetmath (http://planetmath.org/encyclopedia/Eunction.html) for more information.

FejerKernel

Fej erKernel (n,t)

Fejer kernel of orden evaluated at

See Planetmath (http://planetmath.org/encyclopedrkernel.html) for more information.

GammaFunction

GanmaFuncti on (Xx)

Aliases:Ganmma

The Gamma function. Currently only implemented for reatresl

See Planetmath (http://planetmath.org/encyclopediat@a-unction.html) for more information.

KroneckerDelta
KroneckerDelta (V)

Returns 1 iff all elements are equal.

MinimizeFunction

M ni m zeFuncti on (func, X, incr)

Find the first value where f(x)=0.
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MoebiusDiskMapping
Moebi usDi skMappi ng (a, z)

Moebius mapping of the disk to itself mapping a to 0.

See Planetmath (http://planetmath.org/encyclopedibitvéd ransformation.html) for more
information.

MoebiusMapping
Moebi usMappi ng (z, z2, z3, z4)

Moebius mapping using the cross ratio taking z2,z3,z4 tpah@ infinity respectively.

See Planetmath (http://planetmath.org/encyclopedibitvéd ransformation.html) for more
information.

MoebiusMappingInfty Tolnfty
Moebi usMappi ngl nftyTol nfty (z,z2, z3)

Moebius mapping using the cross ratio taking infinity to iitfimnd z2,z3 to 1 and O respectively.

See Planetmath (http://planetmath.org/encyclopedibitvéd ransformation.html) for more
information.

MoebiusMappingInftyToOne
Moebi usMappi ngl nftyToOne (z, z3, z4)

Moebius mapping using the cross ratio taking infinity to 1 aB@4 to 0 and infinity respectively.

See Planetmath (http://planetmath.org/encyclopedibitvéd ransformation.html) for more
information.

MoebiusMappingInftyToZero
Moebi usMappi ngl nftyToZero (z, z2, z4)

Moebius mapping using the cross ratio taking infinity to 0 2B@4 to 1 and infinity respectively.
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See Planetmath (http://planetmath.org/encyclopedibitvéd ransformation.html) for more
information.

PoissonKernel

Poi ssonKernel (r, sigm)

Poisson kernel on D(0,1) (not normalized to 1, that is irdégf this is 2pi).

PoissonKernelRadius

Poi ssonKer nel Radi us (r, si gna)

Poisson kernel on D(0,R) (not normalized to 1).

RiemannZeta

R emannZeta (x)

Aliases:zet a

The Riemann zeta function. Currently only implemented &zl values.

See Planetmath (http://planetmath.org/encyclopedai@nnZetaFunction.html) for more
information.

UnitStep
UnitStep (x)

The unit step function is O for x<0, 1 otherwise. This is thiegral of the Dirac Delta function.
Also called the Heaviside function.

See Wikipedia (http://en.wikipedia.org/wiki/Unit_s)dpr more information.

cis

cis (x)

Theci s function, that is the same a®s( x) +1i *si n(x)
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deg2rad

deg2rad (x)

Convert degrees to radians.

rad2deg
rad2deg (x)

Convert radians to degrees.

11.13. Equation Solving

CubicFormula
Cubi cFormul a (p)

Compute roots of a cubic (degree 3) polynomial using theafdsmula. The polynomial should be
given as a vector of coefficients. Thattisx*3 + 2*x + 1 corresponds to the vectpt, 2, 0, 4] .
Returns a column vector of the three solutions. The firsttgolus always the real one as a cubic
always has one real solution.

See Planetmath (http://planetmath.org/encyclopedi@fEormula.html), Mathworld
(http://mathworld.wolfram.com/CubicFormula.html),\Wikipedia
(http://en.wikipedia.org/wiki/Cubic_equation) for neoinformation.

EulersMethod
Eul er sMet hod (f, x0, y0, x1, n)

Use classical Euler's method to numerically solve y'=fj@gr initial x0, y0 going tox1 with n
increments, returng atx1.

Systems can be solved by just havinge a (column) vector everywhere. Thatys,can be a
vector in which casé should take a numbearand a vector of the same size for the second
argument and should return a vector of the same size.

See Mathworld (http://mathworld.wolfram.com/EulerFardMethod.html), or Wikipedia
(http://en.wikipedia.org/wiki/Eulers_method) for mardormation.
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FindRootBisection
Fi ndRoot Bi section (f,a, b, TOL, N

Find root of a function using the bisection meth@dL is the desired tolerance ahds the limit on
the number of iterations to run, 0 means no limit. The functigturns a vector

[ success, val ue, i teration],wheresuccess is a boolean indicating success/ ue is the
last value computed, and er at i on is the number of iterations done.

FindRootFalsePosition
Fi ndRoot Fal sePosition (f,a, b, TOL, N

Find root of a function using the method of false positio@L. is the desired tolerance ands the
limit on the number of iterations to run, 0 means no limit. Thection returns a vector

[ success, val ue, i teration],wheresuccess is a boolean indicating success/ ue is the
last value computed, and er at i on is the number of iterations done.

FindRootMullersMethod
Fi ndRoot Mul | ersMet hod (f, x1, x2, x3, TOL, N)

Find root of a function using the Muller’s methotL is the desired tolerance ands the limit on
the number of iterations to run, 0 means no limit. The functieturns a vector

[ success, val ue, i teration],wheresuccess is a boolean indicating success| ue is the
last value computed, arid er at i on is the number of iterations done.

FindRootSecant
Fi ndRoot Secant (f, a, b, TOL, N)

Find root of a function using the secant methodL is the desired tolerance ands the limit on
the number of iterations to run, 0 means no limit. The functieturns a vector

[ success, val ue, i teration],wheresuccess is a boolean indicating success| ue is the
last value computed, arid er at i on is the number of iterations done.

PolynomialRoots

Pol ynom al Roots (p)

Compute roots of a polynomial (degrees 1 through 4) usingobtiee formulas for such
polynomials. The polynomial should be given as a vector efficents. That igh+x"3 + 2xx +
1 corresponds to the vectpt, 2, 0, 4] . Returns a column vector of the solutions.

The function callQuadraticFormulaCubicFormulaandQuarticFormula
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QuadraticFormula

Quadr ati cFormul a (p)

Compute roots of a quadratic (degree 2) polynomial usingjtiaratic formula. The polynomial
should be given as a vector of coefficients. That+«ig"2 + 2xx + 1 corresponds to the vector
[ 1, 2, 3] . Returns a column vector of the two solutions.

See Planetmath (http://planetmath.org/encyclopediad@icFormula.html) or Mathworld
(http://mathworld.wolfram.com/QuadraticFormula.htfok more information.

QuarticFormula

QuarticFornula (p)

Compute roots of a quartic (degree 4) polynomial using thetiuformula. The polynomial should
be given as a vector of coefficients. Thabix"4 + 2xx + 1 corresponds to the vector
[1, 2,0, 0, 5].Returns a column vector of the four solutions.

See Planetmath (http://planetmath.org/encyclopediafi@iormula.html), Mathworld
(http://mathworld.wolfram.com/QuarticEquation.htpdj Wikipedia
(http://en.wikipedia.org/wiki/Quartic_equation) forame information.

RungeKutta
RungeKutta (f, x0,y0, x1,n)

Use classical non-adaptive fourth order Runge-Kutta ntetbmumerically solve y’=f(x,y) for
initial x0, y0 going tox1 with n increments, returng atx1.

Systems can be solved by just havinge a (column) vector everywhere. Thatyi§,can be a
vector in which casé should take a numbearand a vector of the same size for the second
argument and should return a vector of the same size.

See Mathworld (http://mathworld.wolfram.com/Runge-taiethod.html), or Wikipedia
(http://en.wikipedia.org/wiki/Runge-Kutta_methods) fore information.
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11.14. Statistics

Average
Average ()

Aliases:aver age Mean nean
Calculate average of an entire matrix.

See Mathworld (http://mathworld.wolfram.com/Arithmeean.html) for more information.

GaussDistribution

GaussDi stribution (x,sign)
Integral of the GaussFunction from 0 to x (area under the abcarve).

See Mathworld (http://mathworld.wolfram.com/Normalfiisution.html) for more information.

GaussFunction

GaussFunction (x, signm)
The normalized Gauss distribution function (the normabejr

See Mathworld (http://mathworld.wolfram.com/Normalfiisution.html) for more information.

Median
Medi an (m

Aliases:nedi an
Calculate median of an entire matrix.

See Mathworld (http://mathworld.wolfram.com/StatiatMedian.html) for more information.

PopulationStandardDeviation
Popul ati onSt andar dDevi ation (m
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Aliases:st devp

Calculate the population standard deviation of a whole imatr

RowAverage

RowAver age (m

Aliases:Rowvean

Calculate average of each row in a matrix.

See Mathworld (http://mathworld.wolfram.com/Arithrmeean.html) for more information.

RowMedian
Rowivedi an (m)

Calculate median of each row in a matrix and return a colunctovef the medians.

See Mathworld (http://mathworld.wolfram.com/Statiatiedian.html) for more information.

RowPopulationStandardDeviation
RowPopul ati onSt andar dDevi ati on (m

Aliases:r owst devp

Calculate the population standard deviations of rows of &irand return a vertical vector.

RowStandardDeviation
RowSt andar dDevi ation (m

Aliases:r owst dev

Calculate the standard deviations of rows of a matrix anafmed vertical vector.

StandardDeviation
St andar dDevi ati on (m)
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Aliases:st dev

Calculate the standard deviation of a whole matrix.

11.15. Polynomials

AddPoly
AddPoly (p1, p2)

Add two polynomials (vectors).

DividePoly
Di vi dePoly (p,q, &)

Divide two polynomials (as vectors) using long divisionties the quotient of the two
polynomials. The optional arguments used to return the remainder. The remainder will have
lower degree than.

See Planetmath (http://planetmath.org/encyclopedigiBmiallLongDivision.html) for more
information.

IsPoly
IsPoly (p)

Check if a vector is usable as a polynomial.

MultiplyPoly
Mul tiplyPoly (pl, p2)

Multiply two polynomials (as vectors).

NewtonsMethodPoly
Newt onsMet hodPol y (pol y, guess, epsi | on, maxn)

Run newton’s method on a polynomial to attempt to find a raitims after two successive values
are within epsilon or after maxn tries (then returns null).
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Poly2ndDerivative
Pol y2ndDeri vative (p)

Take second polynomial (as vector) derivative.

PolyDerivative

Pol yDeri vative (p)

Take polynomial (as vector) derivative.

PolyToFunction

Pol yToFuncti on (p)

Make function out of a polynomial (as vector).

PolyToString
Pol yToString (p,var...)

Make string out of a polynomial (as vector).

SubtractPoly
Subtract Poly (pl, p2)

Subtract two polynomials (as vectors).

TrimPoly
TrinPoly (p)

Trim zeros from a polynomial (as vector).

Chapter 11. List of GEL functions
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11.16. Set Theory

Intersection

Intersection (X )

Returns a set theoretic intersection of X and Y (X and Y arg¢orsqretending to be sets).

Isin
Isln (x,X)

Returns true if the element x is in the set X (where X is a veptetending to be a set).

IsSubset
I sSubset (X, V)

Returns true if X is a subset of Y (X and Y are vectors pretegtiirbe sets).

MakeSet
MakeSet (X)

Returns a vector where every element of X appears only once.

SetMinus
Set M nus (X, Y)

Returns a set theoretic difference X-Y (X and Y are vectoesgarding to be sets).

Union
Union (X Y)

Returns a set theoretic union of X and Y (X and Y are vectortepiding to be sets).
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11.17. Miscellaneous

ASCIIToString
ASCI |1 ToString (vec)

Convert a vector of ASCII values to a string.

AlphabetToString
Al phabet ToStri ng (vec, al phabet)

Convert a vector of 0-based alphabet values (positionssimafihabet string) to a string.

StringToASCII
StringToASClI | (str)

Convert a string to a vector of ASCII values.

StringToAlphabet
StringToAl phabet (str, al phabet)

Convert a string to a vector of 0-based alphabet valuest{posiin the alphabet string), -1's for
unknown letters.

11.18. Symbolic Operations

SymbolicDerivative
Synbol i cDerivative (f)

Attempt to symbolically differentiate the function f, wieefris a function of one variable.

Examples:

geni us> Synbol i cDerivative(sin)
= (" (x)=cos(x))
geni us> Synbol icDerivative(' (x)=7+*x"2)

= () =(7x(2xx)))
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SymbolicDerivativeTry
Synbol i cDerivativeTry (f)

Attempt to symbolically differentiate the function f, wiesfris a function of one variable, returns
null if unsuccessful but is silent. (S&gnbol i cDeri vati ve)

SymbolicNthDerivative
Synbol i cNt hDeri vative (f,n)

Attempt to symbolically differentiate a function n timeSegSynbol i cDeri vat i ve)

SymbolicNthDerivativeTry
Synbol i cNt hDeri vativeTry (f,n)

Attempt to symbolically differentiate a function n timesigtly and return null on failure (See
Synbol i cNt hDeri vati ve)

SymbolicTaylorApproximationFunction

Synbol i cTayl or Appr oxi mati onFunction (f, x0, n)

Attempt to construct the taylor approximation functionwand x0 to the nth degree. (See
Synbol i cDeri vative)

11.19. Plotting

LinePlot
Li nePl ot (funcl, func2,func3,...)

Li nePl ot (funcl, func2, func3, x1, x2,y1,y2)

Plot a function (or several functions) with a line. First ogl0 arguments are functions, then
optionally you can specify the limits of the plotting wind@sx1, x2, y1, y2. If limits are not
specified, then the currently set limits apply (%¢@ePl ot W ndow)

The parameteri nePl ot Dr awLegends controls the drawing of the legend.

Examples:
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geni us> LinePl ot (sin, cos)
geni us> LinePlot('(x)=x"2,-1,1,0,1)

LinePlotClear
Li nePl ot ear ()

Show the line plot window and clear out functions and any iolihes that were drawn.

LinePlotDrawLine
Li nePl ot DrawLi ne (x1,y1l,x2,y2,...)
Li nePl ot DrawLi ne (v,...)

Draw a line fromx1,y1 tox2,y2.x1,y1, x2,y2 can be replaced by anby 2 matrix for a longer
line.

Extra parameters can be added to specify line color, thekregrows, and the plotting window. You
can do this by adding a stringol or", "t hi ckness","w ndow', or"arrow', and after it either
the color string, the thicknes as an integer, the window ascter, and for arrow eithéror i gi n",
"end","bot h", or"none". For"wi ndow' we can specify fit" rather than a vector in which
case, the x range will be set precisely and the y range wilebevgh five percent borders around
the line.

Examples:

geni us> LinePl ot DrawLi ne(0,0, 1,1, "col or", "blue","thickness", 3)
geni us> LinePlotDrawLine([0,0;1,-1;-1,-1])
geni us> LinePl ot DrawLi ne([ 0, 0; 1, 1], "arrow', "end")

LinePlotParametric
Li nePl ot Paranetri c (xfunc, yfunc,...)
Li nePl ot Paranetric (xfunc,yfunc,tl1,t2,tinc)

Li nePl ot Paranetric (xfunc,yfunc,tl1,t2,tinc, x1,x2,yl,y2)

Plot a parametric function with a line. First come the fuois forx andy then optionally the
limits ast 1, t 2, ti nc, then optionally the limits as1, x2, y1, y2.

If limits are not specified, then the currently set limits Bp{SeeLi nePl ot W ndow).

The parameteri nePl ot Dr awLegends controls the drawing of the legend.
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LinePlotCParametric
Li nePl ot CParanetric (func,...)
Li nePl ot CParanetric (func,t1,t2,tinc)

Li nePl ot CParanetric (func,t1,t2,tinc,x1,x2,yl,y2)

Plot a parametric complex valued function with a line. Fosines the function that returrsi y,
then optionally the limits ast 1, t 2, ti nc, then optionally the limits as1, x2, y1, y2.

If limits are not specified, then the currently set limits Bp{SeeLi nePl ot W ndow).

The parameteri nePl ot Dr awlLegends controls the drawing of the legend.

SlopefieldClearSolutions

Sl opefi el dCl ear Sol uti ons ()

Clears the solutions drawn by tlseopef i el dDr awSol ut i on function.

SlopefieldDrawSolution
Sl opefi el dDrawSol uti on (x, vy, dx)

When a slope field plot is active, draw a solution with the #ptinitial condition. The standard
Runge-Kutta method is used with incremert Solutions stay on the graph until a different plot is
shown or until you calBl opefi el dd ear Sol ut i ons. You can also use the graphical interface to
draw solutions and specify initial conditions with the meus

SlopefieldPlot
Sl opefi el dPl ot (func)
Sl opefiel dPl ot (func, x1, x2,y1,y2)

Plot a slope field. The functiolunc should take two real numbexsandy, or a single complex
number. Optionally you can specify the limits of the plagtiwindow asx1, x2, y1, y2. If limits are
not specified, then the currently set limits apply (§eaePl ot W ndow).

The parameteri nePl ot Dr awlLegends controls the drawing of the legend.

Examples:

geni us> Slopefield(‘(x,y)=sin(x-y),-5,5,-5,5)
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SurfacePlot
SurfacePl ot (func)

SurfacePl ot (func, x1, x2,y1l,y2,z1,22)

Plot a surface function which takes either two argumentsammaplex number. First comes the
function then optionally limits ag1, x2,y1,y2, z1, z2. If limits are not specified, then the
currently set limits apply (Sesur f acePl ot W ndow). Genius can only plot a single surface
function at this time.

Examples:

geni us> SurfacePlot(|sin|,-1,1,-1,1,0,1.5)
geni us> SurfacePlot(‘(x,y)=x"2+y,-1,1,-1,1,-2,2)
genius> SurfacePlot(‘(z)=z|"2,-1,1,-1,1,0, 2)

VectorfieldClearSolutions

Vectorfiel dC ear Sol utions ()

Clears the solutions drawn by tect or f i el dDr awSol ut i on function.

VectorfieldDrawSolution
Vectorfiel dDrawSol ution (x, y, dt, tlen)

When a vector field plot is active, draw a solution with thecsfied initial condition. The standard
Runge-Kutta method is used with incremdntfor an interval of length | en. Solutions stay on the
graph until a different plot is shown or until you c&tct or fi el dCl ear Sol ut i ons. You can

also use the graphical interface to draw solutions and §piadial conditions with the mouse.

VectorfieldPlot
VectorfieldPl ot (funcx, funcy)

VectorfieldPl ot (funcx, funcy, x1, x2, yl, y2)

Plot a two dimensional vector field. The functibancx should be the dx/dt of the vectorfield and
the functionf uncy should be the dy/dt of the vectorfield. The functions shoalkettwo real
numbersc andy, or a single complex number. When the parameéett or f i el dNor mal i zed is

t r ue, then the magnitude of the vectors is normalized. That ily, the direction and not the
magnitude is shown.

Optionally you can specify the limits of the plotting wind@sx1, x2, y1, y2. If limits are not
specified, then the currently set limits apply ($¢@ePl ot W ndow).
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The parameteri nePl ot Dr awLegends controls the drawing of the legend.

Examples:

genius> VectorfieldPlot(‘(x,y)=x"2-y, ‘(x,y)=y*2-x, -1, 1, -1, 1)
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Here is a function that calculates factorials:

function f(x) = if x <= 1 then 1 else (f(x-1)=*x)

With indentation it becomes:

function f(x) = (
if x <=1 then
1
el se
(f(x-1)*x)

This is a direct port of the factorial function from the bc mage. The syntax seems similar to bc, but
different in that in GEL, the last expression is the one thaeturned. Using theet ur n function
instead, it would be:

function f(x) = (
if (x <= 1) then return (1);
return (f(x-1) * x)

)

By far the easiest way to define a factorial function would si@g the product loop as follows. This is
not only the shortest and fastest, but also probably the reasiable version.

function f(x) = prod k=1 to x do k

Here is a larger example, this basically redefines the iaterf function to calculate the row echelon
form of a matrix. The functiomef is built in and much faster, but this example demonstratesesaf
the more complex features of GEL.

# Cal cul ate the rowechelon formof a matrix
functi on MyOMREF(m = (
if not IsMatrix(m or not IsValueOnly(m then
(error("ref: argunment not a value only matrix"); bailout);

s = mn(rows(n, colums(m);
i =1
d :=1;

131



Chapter 12. Example Programsin GEL
while d <= s and i <= colums(m do (

# This just nakes the anchor el enent non-zero if at
# all possible
if m@d,i) == 0 then (
j o= d+1;
while j <= rows(m do (
if m@j,i) == 0 then
(j =j +1; conti nue) ;
a:=mqdj,);
m&j,) := mdd,);
mad,) a;
Jo= gL
br eak

)

)

if ma@d,i) == 0 then
(i:=i+1; continue);

# Here cones the actual zeroing of all but the anchor
# el ement rows
j o= d+1;
while j <= rows(m) do (
if m@j,i) !'=0 then (
n@j,) = mdj,)-(m@j,i)/ ma@d,i))*m@d,)

)
j =)+
)
m@d,) = nm@d,) * (1/m@d,i));
d = d+1;
i =i+l
)
m
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To configure Genius Mathematics Tool, cho&sdtings— Preferences. There are several basic
parameters provided by the calculator in addition to thesgamevided by the standard library. These
control how the calculator behaves.

Changing Settings with GEL:  Many of the settings in Genius are simply global variables, and can
be evaluated and assigned to in the same way as normal variables. See Section 5.2 about evaluating
and assigning to variables, and Section 11.3 for a list of settings that can be modified in this way.

As an example, you can set the maximum number of digits in a result to 12 by typing:

MaxDigits = 12

13.1. Output

Maximum digits to output

The maximum digits in a resulbéxDi gi t s)

Results as floats

If the results should be always printed as flo&ssul t sAsFl oat s)

Floats in scientific notation

If floats should be in scientific notatiosdi ent i fi cNot at i on)

Always print full expressions
Should we print out full expressions for non-numeric retwaitues (longer than a line)
(Ful | Expr essi ons)
Use mixed fractions
If fractions should be printed as mixed fractions such as/31 dather than "4/3".
(M xedFract i ons)
Display 0.0 when floating point number is less than 10”-x (O=never chop)
How to chop output. But only when other numbers nearby ageléBee the documentation of the
paramteiCut put ChopExponent .
Only chop numbers when another number is greater than 10"-x

When to chop output. This is set by the paran@i@rput ChopWhenExponent . See the
documentation of the paramteut put ChopExponent .
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Remember output settings across sessions

Should the output settings in tivumber/Expression output options frame be remembered for
next session. Does not apply to tBeor/Info output options frame.

If unchecked, either the default or any previously savetinget are used each time Genius starts up.
Note that settings are saved at the end of the session, so Wigh to change the defaults check this
box, restart Genius Mathematics Tool and then uncheck inaga

Display errors in a dialog
If set the errors will be displayed in a seprate dialog, ifatrike errors will be printed on the
console.

Display information messages in a dialog
If set the information messages will be displayed in a semtatiog, if unset the information
messages will be printed on the console.

Maximum errors to display

The maximum number of errors to return on one evaluatiGi Er r or s). If you set this to 0 then

all errors are always returned. Usually if some loop causasynerrors, then it is unlikely that you
will be able to make sense out of more than a few of these, sogsadong list of errors is usually
not helpful.

In addition to these preferences, there are some prefes¢imaecan only be changed by setting them in
the workspace console. For others that may affect the osgm8ection 11.3

I nt eger Qut put Base

The base that will be used to output integers

Qut put Styl e

A string, can be normal ", "l at ex","mat hm " or"trof f" and it will effect how matrices (and
perhaps other stuff) is printed, useful for pasting intowdtnents. Normal style is the default human
readable printing style of Genius Mathematics Tool. Thepgtyles are for typsetting in LaTeX,
MathML (XML), or in Troff.

13.2. Precision

Floating point precision

The floating point precision in bit&( oat Pr eci si on). Note that changing this only affects newly
computed quantities. Old values stored in variables aré@albly still in the old precision and if you
want to have them more precise you will have to recompute tlieweptions to this are the system
constants such as ore.
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Remember precision setting across sessions

Should the precision setting be remembered for the nexiosessunchecked, either the default or
any previously saved setting is used each time Genius siartsote that settings are saved at the
end of the session, so if you wish to change the default ctigslbbx, restart genius and then
uncheck it again.

13.3. Terminal

Terminal refers to the console in the work area.

Scrollback lines

Lines of scrollback in the terminal.

Font

The font to use on the terminal.

Black on white

If to use black on white on the terminal.

Blinking cursor

If the cursor in the terminal should blink when the termirsain focus. This can sometimes be
annoying and it generates idle traffic if you are using Gereasotely.

13.4. Memory

Maximum number of nodes to allocate

Internally all data is put onto small nodes in memory. Thiggia limit on the maximum number of
nodes to allocate for computations. This avoids the prold&ranning out of memory if you do
something by mistake which uses too much memory, such asiesiec without end. This could
slow your computer and make it hard to even interrupt the jarog

Once the limit is reached, Genius Mathematics Tool askstfwish to interrupt the computation or
if you wish to continue. If you continue, no limit is appliedait will be possible to run your
computer out of memory. The limit will be applied again nente you execute a program or an
expression on the Console regardless of how you answereghdstion.

Setting the limit to zero means there is no limit to the amadfmhemory that genius uses.
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Chapter 14. About Genius Mathematics Tool

Genius Mathematics Tool was written byiJiGeorge) Lebl (5i r ka@z. con). The history of Genius
Mathematics Tool goes back to late 1997. It was the first ¢atiouprogram for GNOME, but it then
grew beyond being just a desktop calculator. To find moremédion about Genius Mathematics Tool,
please visit the Genius Web page (http://www.jirka.orgige.html).

To report a bug or make a suggestion regarding this appicati this manual, follow the directions in
this document (ghelp:gnome-feedback).

This program is distributed under the terms of the GNU Gdrituhlic license as published by the Free
Software Foundation; either version 2 of the License, oydatr option) any later version. A copy of this
license can be found at this link (ghelp:gpl), or in the file YONG included with the source code of
this program.

Jifi Lebl was during various parts of the development paytislipported for the work by NSF grant
DMS 0900885 and the University of lllinois at Urbana-ChaigpaThe software has been used for both
teaching and research.
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